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Abstract
The safety and assessment of historic masonry structures continues to be a challenge for most
analysts, especially for more complex buildings. Historic masonry structures have great cultural
and economic value, but engineers have not examined the collapse modes for many masonry
elements. This thesis examines the collapse of unreinforced masonry structures in response
to large support displacements and constant horizontal ground accelerations. Two different
structural forms are studied and collapse conditions are established for each. The aim of this
research is to allow simple, but meaningful, analytical models and experimental results to
inform each other in an effort to better define masonry collapse mechanisms.
The first structural form to be analyzed is the masonry dome. For historical masonry
domes, small outward movements of the supports will cause cracking and may lead to collapse.
The critical span increase to cause collapse of a hemispherical dome is determined for domes
with varying thicknesses using two small-scale physical models. In addition, the critical
value of constant horizontal acceleration to cause collapse of a hemispherical dome is also
examined, simulated by tilting the two domes on a plane. In both cases, a mechanism forms,
rendering the dome unstable and collapse ensues. Simple analytical models, emphasizing the
relationship between geometry and equilibrium, are able to accurately predict the failure limits
and mechanisms.
The second structural form to be analyzed is the curving masonry wall. In an effort to
better understand the origins and perceived benefits of curving masonry walls, their stability is
measured relative to the amount of curvature in the wall. The critical value of constant hori-
zontal acceleration to cause collapse of a curving wall is determined using multiple equilibrium
methods and compared with both full-scale and small-scale experiments for dry-stacked bricks.
Based on these results, new limits for the stability of these structures are proposed.
Thesis supervisor: John A. Ochsendorf
Title: Associate Professor of Civil & Environmental Engineering & Architecture
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Chapter 1
Introduction
1.1 Introduction
The value of architectural heritage is not only in its appearance, but also in the integrity of all
its components as a unique product of the specific building technology of its time. There is a
growing interest in the stabilization and preservation of such heritage and historic structures,
and along with this a need for appropriate analysis and assessment methods. Many historic
structures are built of traditional masonry, which refers to stone, clay, brick, or concrete block
assembled without the use of reinforcement. Understanding the collapse state of structures is
imperative for the safe design of new structures, as well as the assessment of existing structures.
Although, existing masonry structures often present a challenge for the structural engineer.
Material degradation, structural damage, and foundation settlement that have occurred during
the life of the building are hard to quantify and make assessment difficult. In addition, due to
the age of many masonry structures there are rarely construction drawings and specific details
regarding their geometry. Most historic structures were built using empirical expertise and rules
of proportion, and as a result masonry assessment methods have lagged behind methods for
modern steel and concrete structures [DeJong, 2009].
Masonry analysis is often caught in the middle of a debate between researchers and engineers
over what is fundamentally important to ensure the safety of the structure: strength or stability.
The assessment methods applied to masonry structures generally emphasize strength, while
neglecting stability [Boothby, 2001]. Table 1.1 summarizes the key competing ideas for each
method. A strength based approach to masonry employs elastic analysis where the stresses
within the structure and the loads applied to the structure are critically important. While a
stability based approach to masonry employs plastic analysis with an emphasis on the geometry
of the structure and the displacements and accelerations applied to the structure. The answer to
which is more appropriate depends largely on the nature of the specific structure, but §2.1 will
highlight that stability most often governs the the safety of masonry structures. Unfortunately,
this fundamental misunderstanding of masonry structures has lead to unnecessary, destructive,
and costly interventions. There is a growing body of research, which emphasizes the stability
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of these structures and there is a need for continuued development of appropriate methods to
accurately assess them [Heyman, 1966; Boothby, 2001; Huerta, 2001; Ochsendorf, 2002; Lau,
2006; DeJong, 2009; Block, 2009].
Table 1.1 – Competing ideas for design and analysis of structures.
Strength Stability
Elastic Plastic
Stress Geometry
Applied Loads Applied Displacements & Accelerations
1.2 Collapse Analysis of Masonry Domes and Curving Walls
Masonry collapse mechanisms are not very well understood, and the techniques for analyzing
collapse that currently exist are limited to specific structural forms: namely arches and buttresses
[Smars, 2000; Ochsendorf, 2002; DeJong, 2009]. This dissertation will build on this research to
develop a better understanding of the failure of masonry domes. While there have been numerous
studies on the general stability of masonry domes, researchers have devoted little attention to
their collapse mechanisms. Specifically, both the study of masonry domes supported on tall walls
or buttresses, and the stability of domes under quasi-static seismic loading are open problems
that will be addressed. Simple equilibrium models are developed for both loading conditions to
define stability limits for masonry domes. These models are compared with experimental results
A second focus of this dissertation is the study of curving masonry walls. A combination of
equilibrium analysis and experiments will be used to explore the stability of curving masonry
walls and draw meaningful conclusions about these structures. The curving masonry wall is
a virtually unexplored structural form and this dissertation will provide important conclusions
about the relationship between curvature and stability and how this might be exploited in the
future for structural design.
In this dissertation, a new method of small-scale structural model generation using rapid
prototyping technology is proposed. Small-scale model testing is a cost-effective method for
assessing safety compared to the invasive testing of monuments or full scale experimental testing.
In particular, the use of scale models is a valuable method for determining collapse conditions
in historic masonry structures, which are usually governed by stability [Heyman, 1995; Huerta,
2006]. Furthermore, physical models provide an observation of collapse modes that may not
have been detected with analytical or numerical models, such as combined hinging and sliding.
1.3 Research Objectives
Due to the unpredictable nature of masonry collapse mechanisms, the driving methodology of
this research is to allow simple, but meaningful, analytical models and experimental results
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to inform each other in an effort to better define masonry collapse mechanisms. With this as
motivation, the objective of this research is
To increase the understanding of masonry domes and curving walls by defining
critical collapse loads and collapse mechanisms for these structures, as well as to
perform the first physical experiments on masonry domes and curving walls
subjected to destabilizing displacements and accelerations.
In order to fulfill this objective, a series of analytical models are derived using equilibrium,
kinematics, and simplifying assumptions about masonry to quantify collapse limits. Physical
experiments are also performed to provide a benchmark against which current analytical models
and future numerical modeling techniques can be compared.
1.4 Outline of Chapters
This dissertation investigates the collapse of masonry domes and curving masonry walls. Both
problems are presented within the framework of limit analysis for masonry structures.
Chapter 2 reviews the relevant literature regarding the analysis and assessment of masonry
structures. The two dominant theories for the structural analysis of masonry are presented,
followed by a thorough description of the method utilized in this dissertation. Next, the use of
scale model experiments in masonry analysis is reviewed. Finally, previous methods for assessing
the stability of masonry domes and masonry walls are discussed.
Chapters 3–5 are focused on the collapse analysis of hemispherical masonry domes under
the influence of progressive displacements and horizontal acceleration. Chapter 3 introduces
the methodology used to analyze masonry domes, which combines equilibrium analyses with
physical, scale model experiments. Before any specific loading conditions are analyzed, the
equilibrium of a masonry dome subject to its own weight is explored. A discussion of thrust in
masonry domes and the minimum possible thickness of masonry domes is also included. Chapter
3 also discusses the use of small-scale models for structural analysis and presents a new method
for model generation using three-dimensional printing technology.
Chapter 4 analyzes the collapse conditions for an isolated hemispherical masonry dome on
spreading supports. This is equivalent to a masonry dome whose supports are experiencing
differential foundation settlement or slight rotations outwards, in which the applied displacement
causes the span of the dome to increase. For this problem, the span of the dome is slowly
increased until collapse. Then the critical span increase to cause collapse, as well as the increase
in horizontal thrust with spreading are computed.
Chapter 5 determines the minimum constant lateral acceleration to cause collapse of the
masonry dome under its own weight. Here a tilt analysis is used as a first order approximation
of seismic loading, allowing dynamic effects to be approximated in a quasi-static fashion. The
critical ground acceleration necessary to form a collapse mechanism is determined.
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A case study of the Roman Pantheon is presented in Chapter 6. The study of the Roman
Pantheon will demonstrate the ability of the proposed collapse models to predict structural
deformations and assess existing structures.
Chapter 7 focuses on a second structural type, the curving masonry wall. In this chapter the
same methodology outlined in Chapter 3 is applied to curving masonry walls. Equilibrium anal-
yses and physical, scale model experiments are combined to quantify the relationship between
curvature and lateral stability in masonry walls. The minimum constant lateral acceleration to
cause collapse is determined using a tilt analysis. Within this analysis, the use of the kern for
predicting safe limits is presented.
In order to illustrate the concepts and methods outlined in the previous chapter, Chapter 8
presents a study of the serpentine walls at the University of Virginia. This study of serpentine
walls analyzes Jefferson’s design of an attractive, efficient and innovative wall to provide a new
understanding of a major work of American construction.
Chapter 9 provides general conclusions regarding this work and outlines areas for future
research in this field.
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Literature Review
This chapter reviews the relevant literature regarding the analysis and assessment of masonry
structures. It is not meant to be a comprehensive overview of all analysis methods, but rather
to provide context for the research herein. The two dominant theories for the structural analysis
of masonry are presented, followed by a thorough description of the method utilized in this
dissertation. Next, the use of scale model experiments in masonry analysis will be reviewed.
Finally, previous methods for assessing the stability of masonry domes and walls are discussed.
2.1 Masonry Analysis Theories
There are two main theories for the analysis of masonry structures: limit analysis and elastic
analysis. These two theories did not develop at the same rate, although they have coexisted
for centuries. While the latter is more prevalent today, the former was dominant early on.
Interestingly enough, the origins of both theories can be traced back to a series of anagrams
published by Robert Hooke [1675], which included this one regarding elasticity: “As the exten-
sion, so the force”, known quite famously as Hooke’s Law; and this one regarding the stability
of compression structures: “As hangs the flexible line, so but inverted will stand the rigid arch.”
For a more thorough account of the history and development of masonry analysis techniques see
Kurrer [2008], Heyman [1998], Huerta and Kurrer [2008], and Timoshenko [1953]. This section
describes the varying assumptions required for each method and provides a critical review of
each method’s appropriateness to the analysis of masonry.
Elastic analysis of structures was first introduced by Navier [1826] to determine the existing
stress state in statically indeterminate structures. This method has been used since for the
design and assessment of structures. Elastic analysis makes the following material assumptions:
1. the material is a continuum,
2. the material is an ideal elastic, Hookean, solid (isotropic, homogeneous),
3. deformations are small (small-strain theory).
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These material assumptions describe a material that is fundamentally quite different than ma-
sonry. Traditional, unreinforced masonry is extremely discontinuous consisting of a heteroge-
neous mass of stone or brick separated by joints and fractures throughout. In addition, the
constraint of small deformations is inconsistent with typical masonry deformations. Deforma-
tions within individual stones or bricks may be quite small, however overall deformations of
masonry structures can be substantial, as they are not due to elastic deformations of the mate-
rial.
Limit analysis of masonry structures has existed informally as far back as Hooke, but it
was not formalized until the mid 20th Century by Heyman [1966] based on ideas developed by
Kooharian [1952]. Heyman recognized that by incorporating the three key material assumptions
regarding masonry made by Couplet [1730], masonry structures could be analyzed within the
broader framework of modern plasticity theory. These assumptions are:
1. masonry has infinite compressive strength,
2. masonry has no tensile strength, and
3. sliding failure does not occur.
The first assumption is reasonable considering that the stresses in traditional masonry structures
are extremely low; typically an order of magnitude below the crushing strength of the material.
The second assumption is slightly conservative, but quite accurate. Although stone itself may
have some tensile strength, the joints will not, and tensile forces can not be transmitted within
the structure. The last assumption is usually true because the friction at joints is sufficiently
high as to prevent sliding. This implies that the resultant force at a joint should not depart too
far from the normal to the plane of the joint.
In §2.2 these three material assumptions will be used to specify the common plasticity theo-
rems (lower bound, upper bound, and uniqueness) for masonry. This will be done by using the
concept of a thrust line to determine equilibrium solutions. A thrust line is a locus of pressure
points, where each pressure point is the location of the resultant force on a block interface that
ensures equilibrium of the internal compressive forces across that interface [Ochsendorf, 2002].
Moseley [1843] first introduced this concept in English literature, where he distinguishes the
“line of resistance”, or thrust line, from the “line of pressure”, where the latter is related to the
direction of the resultant force on a block interface (Figure 2.1). For rigid block structures, the
variation in these two lines is a result of the center of mass of a rigid block being located away
from the line of resistance. The thrust line is an excellent tool to visualize the internal forces
within a structure.
In order to highlight the differences in the two methods for analysis, the simple arch example
from Block [2006; 2009] is reproduced. Figure 2.2a,b shows internal stresses due to self-weight
from a linear-elastic finite element analysis (FEA) of two arches with differing thickness ratios
( t
R
= 0.08, 0.16). The two results are quite similar and it is difficult to note any significant
differences between the two arches. In contrast, a limit analysis of the same two structures,
where equilibrium is represented by a compressive thrust line, is shown in Figure 2.2c,d. Here
it is immediately apparent that the first arch is too thin to contain a thrust line and therefore,
is unstable under its own weight unless the arch material has an appreciable tensile capacity.
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Figure 2.1 – Moseley’s 1843 distinction between line of resistance (thrust line) and line of pressure in
masonry arches from Kurrer [2008].
While the FEA shows one possible stress state for the arch, it provides no information regarding
the stability or collapse of the arch.
A second example by Huerta and Aroca [1989] is provided to further highlight the appro-
priateness of using limit analysis instead of elastic analysis for assessing masonry structures. In
their study on proportion and similarity Huerta and Aroca [1989] discuss the geometric limits of
the appropriateness for limit analysis. The traditional rules of master builders are typically pro-
portional, meaning “a valid structural form continues to be valid regardless of its size” [Huerta
and Aroca, 1989]. However Galileo demonstrated the impossibility of such a rule using the well
known ‘square-cube law’ [Galilei, 1638]. Figure 2.3a shows Galileo’s illustration of the law, de-
picting that for a structure supporting its own weight, a cubic change in the mass of a structure
requires that the section of the structure grows as the square. While this is generally true, Huerta
and Aroca [1989] show that based on the size of the structure there is a region where the plastic
condition is the most critical and governs the design (Figure 2.3b). The intersection between
the plastic limit and the elastic limit marks the maximum size for which the plastic condition
and limit analysis are valid. The position of this point depends on the form of the structure and
the specified material properties, but it can be shown that the limiting dimension is typically
high enough that plastic design is always the appropriate choice for masonry structures.
The goal of this dissertation is to define stability conditions and collapse mechanisms for
masonry structures. Based on this goal and the inherent assumptions of the two methods, the
analyses herein will utilize limit analysis for masonry.
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Figure 1.2 – Comparison between finite element analysis (a-b) and thrust line analysis (c-d) of two arches with
t/R ratios of (a-c) 0.08 and (b-d) 0.16 [Block, 2005].
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Figure 2.2 – Comparison between linear-elastic finite element analysis (a-b) and limit analysis (c-d) of
two arches with thickness ratios, tR , of (a,c) 0.08 and (b,d) 0.16 from Block [2009].
Figure 2.3 – (a) A drawing by Galileo illustrating his ‘square-cube law’ with a human bone as an
example [Galilei, 1638]. (b) A plot by Huerta and Aroca [1989] showing the both the plastic and elastic
condition for a structure based on the magnitude of its scale.
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2.2 Limit Analysis for Masonry
The material assumptions from §2.1 allow masonry to be analyzed with the framework of plas-
ticity theory and make the possibility of failure due to material strength highly unlikely, and
thus the safety of such structures becomes a problem purely of stability. Figure 2.4 shows the
limit condition for a masonry voussoir, where the yield surface (Figure 2.4c) is derived from
the material assumptions in §2.1. The yield surface is represented by the relationship between
the normal force, N , across the interface and the resulting bending moment, M , at the limit
state of the interface. When the resultant force on a block interface is at an eccentricity, e,
from the neutral axis of the interface (Figure 2.4a), the interface falls within the yield surface
(Figure 2.4c). When the resultant force on a block interface is at the edge of the masonry at an
eccentricity, h, from the neutral axis of the interface (Figure 2.4b), the interface is lies on the
yield surface (Figure 2.4c). A physical interpretation may be given for this limiting position of
the thrust line, the locus of the location of the resultant force on a block interface: where the
resultant force is at the edge of the masonry an incipient hinge develops (Figure 2.4b). Thus
the line of thrust must lie within the masonry to satisfy the yield condition and we can restate
the safe theorem of plasticity specifically for masonry as follows:
Safe Theorem. If a line of thrust can be found which is in equilibrium with the external loads
and which lies wholly within the masonry, the structure is safe [Heyman, 1966].
Per the material assumptions in §2.1 and the resulting yield condition, individual blocks are
not free to slide or crush, making hinging at a free edge the only possible failure mode. For
failure to occur the hinges must be sufficient in number to allow a collapse mechanism for the
whole structure to form and be of the proper sign (opening and closing alternately). This is
a physical problem of arranging a sequence of hinges and is essentially one of geometry. This
mechanism condition allows us to restate the uniqueness theorem for masonry as follows:
Uniqueness Theorem. If a line of thrust can be found which represents an equilibrium state for
the structure under the action of the given external loads, which lies wholly within the masonry,
and which allows the formation of sufficient hinges to transform the structure into a mechanism,
then the structure is on the point of collapse [Heyman, 1966].
M = ±hN
M
NN
N N
N
he
Figure 2.4 – Limit condition for masonry voussoirs based on Heyman [1966] showing (a) the resultant
force on a block interface at an eccentricity, e, (b) the resultant force on a block interface at an eccentricity,
h, and (c) the yield surface for an interface.
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The resulting theorems lead to two conclusions. First, a safe masonry structure can have any
number of statically admissible thrust lines, and as such is typically statically indeterminate.
Second, the collapse of a masonry is characterized by a unique thrust line which allows the
formation of sufficient hinges to create a mechanism. When the number of hinges in the structure
is greater than the number of redundancies, a mechanism will form. In general, hinging does not
necessarily mean that collapse is imminent. Thus the analyst is left with two questions: is the
structure safe?, and how will the structure collapse? To answer either of these an equilibrium
solution for the structure must be found which lies within the masonry. This has typically been
implemented in two primary ways: graphically and numerically.
Graphical Equilibrium Methods Graphical methods have been used for the stability anal-
ysis of masonry structures for centuries. The Dutch mathematician Simon Stevin (1548–1620)
was the first person to represent a force as a vector [Allen and Zalewski, 2009]. However, the best
known, most widely applied method of graphical analysis is graphic statics, which was developed
by Maxwell [1864] and Cremona [1872] and formalized by German engineer Karl Culmann [1864]
[Kurrer, 2008]. Graphic statics allows the exploration of structures by demonstrating the link
between a polygon representing the forces in the structure and a corresponding line of thrust.
An example by Huerta [2004], shown in Figure 2.5, evaluates the stability of a masonry arch
for three different values of horizontal thrust, represented by three different thrust lines within
the arch. As mentioned above, the arch is statically indeterminate, since an infinite number of
similar thrust lines could have been drawn within the thickness of the arch.
Due in part to the tedious nature of creating graphical constructions, numerical methods
have largely replaced graphical methods. However, recently Block [2005; 2006] and DeJong
[2009] implemented graphic statics in a parametric computational geometry framework using
geometry software. Block [2005; 2006] developed parametric constructions for various masonry
structures, which can be adjusted in real-time to provide a rapid assessment of stability. The
parametric nature of the constructions allows one to quickly evaluate the effects of geometric
changes such as arch thickness ratio and buttress aspect ratio. DeJong [2009] expanded on this
Figure 2.5 – Thrust line of a masonry arch for different values of horizontal thrust from Huerta [2004].
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work by using similar constructions to evaluate the stability of arches under quasi-static seismic
loading.
Numerical Equilibrium Methods When Heyman [1966] formalized limit analysis for ma-
sonry structures in his paper The Stone Skeleton, instead of using graphical equilibrium methods,
he used membrane solutions to calculate equilibrium. Recent work by a number of researchers
has taken advantage of the computing capabilities of today to calculate lower bound equilibrium
solutions. Livesley [1992] formulated the limit analysis problem as a linear system, such that
it could be solved with linear programming. Whiting [2012] extends this work to provide a
metric for infeasibility of a solution, which is useful in structural optimization. Andreu et al.
[2007] use the well known analogy between the equilibrium of masonry arches and funicular
systems to compute equilibrium nets that fit within masonry structures, based on equilibrium
and compatibility equations for cables. Block [2009] developed Thrust Network Analysis, a new
methodology for developing three-dimensional thrust surfaces.
2.3 Scale Models
Interest in the safety of historic monuments has created a need for accurate, low-cost methods
for determining the collapse limits of unreinforced masonry structures. Significant work has been
done to understand and assess the failure modes of individual structural elements such as arches,
vaults and buttresses. However, to further understand three-dimensional collapse mechanisms in
masonry, new approaches are necessary. Computational methods have made significant advances
for the analysis of historic masonry structures, yet they require significant assumptions about
material properties and other modeling parameters. Ideally, numerical methods can be combined
with empirical methods to provide a more robust analysis.
Medieval designers used scale models to help them solve problems of construction as well as
to prove the integrity of their designs. Danyzy’s experiments with plaster models in 1732 (Figure
2.6) show examples of collapse mechanisms for masonry arches and buttresses [Kurrer, 2008].
Bland [1862] presents a series of experiments using weights to load model arches built of wooden
voussoirs and piers made of wooden bricks. Vicat [1832] conducted scale model experiments
to investigate the use of masonry piers as the support system for suspension bridges. More
recently, Boothby [2001] summarized work combining experimental and analytical methods to
determine the collapse conditions for model masonry arches. Ordun˜a and Lourenc¸o [2003] use
experimental results from Royles and Hendry [1991] on scale models of masonry arch bridges and
from Oliveira [2000] on shear walls to validate a limit analysis method for assessing unreinforced
masonry structures. Ochsendorf [2002] used small-scale models to determine the overturning
capacity of buttresses and the displacement capacity of arches. More recently, DeJong [2009]
analyzed the collapse modes of masonry arches under base acceleration and compared the results
with model experiments. These studies demonstrate the benefits of comparing the collapse limits
of physical models with analytical and numerical methods.
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Figure 2.6 – Masonry arch collapse mechanisms after Danyzy [1732].
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2.4 Computational Methods
Although this dissertation focuses on analytical and experimental methods to analyze the failure
of masonry structures, a brief overview of computational tools available will be provided. While
finite element tools are commonplace and often used, they are optimal for problems of elasticity
and strength, not stability. More recently, Discrete Element Modeling (DEM) has been applied
to study masonry structures because it inherently captures the discontinuous nature of masonry.
DeJong [2009] provides a more thorough review of DEM methods, as well as making significant
advances in the application of DEM to masonry structures.
DEM allow structures to be analyzed as an assemblage of discrete rigid blocks, allowing for
separation of blocks and recognition of new contacts between blocks as blocks impact each other.
Two different DEM tools will are introduced: the Distinct Element Code (commercially UDEC
and 3DEC) and Non-Smooth Contact Dynamics (NSCD). These methods differ in the way they
treat block contacts, but that level of detail will not be addressed here. UDEC [Itasca Consulting
Group, 2004] and 3DEC [Itasca Consulting Group, 2003] have been applied by Lemos and his
colleagues to model the response of masonry structures to ground motion [Liu and Lemos, 2001;
Psycharis et al., 2000, 2003; Papantonopoulos et al., 2002; Lemos, 2007]. DeJong [2009] has
greatly advanced the use of UDEC/3DEC by validating experimental and analytical results on
masonry arches to develop a method for defining modeling parameters. NSCD was formalized
by Jean [1999] and has recently been used by Chetouane et al. [2005] and Rafiee et al. [2008a,b]
to model different masonry structures. These results demonstrate the potential of the NSCD
method to predict complex responses, but experimental verification is still necessary.
2.5 Domes
Poleni [1748]—inspired by Hooke’s anagram—conducted one of the first structural analyses of
a masonry dome when he evaluated the stability of the cracked dome of St. Peter’s, Rome.
By considering internal forces in only meridional directions, Poleni treated the dome as a series
of wedge-shaped arches, or lunes, which did not require hoop forces to be stable (Figure 2.7).
Though his conservative solution demonstrated dome stability in this case, hoop forces may play
a crucial role in the stability of other dome geometries. For the equilibrium analysis of domes,
Schwedler [1866] developed the basic equilibrium approach of the membrane theory for rotational
shells, which was refined and expanded by other authors at the beginning of the twentieth century
[Kurrer, 2008]. Membrane analysis makes four primary assumptions [Billington, 1965]:
• Applied loads are resisted by internal forces within the surface, which has no stiffness
against bending and therefore internal forces are either pure tension or pure compression.
• On a symmetrically and uniformly loaded dome, internal forces act perpendicularly to
each other in the meridional and latitudinal, or hoop, directions.
• Internal forces are coplanar; that is, the membrane has zero thickness.
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• The membrane plane is located along the centerline of the dome’s through thickness; thus
the resulting equilibrium solutions must also lie on this median surface.
The latter two assumptions, which constrain the location of the solutions to the median radius
and reduce the dome’s thickness to zero, limit hoop force values to those needed to equilibrate
meridional forces. As a result, the membrane solutions tend to underestimate the dome’s stability
by not considering the full range of solutions within the through thickness of the dome. In
addition, the equations are difficult to apply to domes with unconventional geometries and
conditions.
Around the turn of the twentieth century, engineers and architects used graphical analysis
methods in conjunction with basic equilibrium equations to design and analyze domes. Eddy
[1877] published New Constructions in Graphical Statics, probably the first text in English
that included a graphical analysis method for masonry domes (Figure 2.8a). The method was
popularized in two articles by Dunn [1904, 1908] [Huerta, 2003]. Despite acknowledging that
hoop forces can vary within the dome, Eddy treated the dome as a radial series of lunes, similar
to Poleni. Additionally, he constrained the solutions to remain within the middle-third of the
section to maintain compression everywhere in the section, which is a conservative assumption
based on the notion of the elastic behavior of the section. As Heyman [1967] has demonstrated,
global stability of the dome only requires that a compressive solution lies wholly within the
masonry. Generally the compressive stresses are very low in traditional masonry and the safety
of masonry domes is a problem of stability and not strength.
Wolfe [1921] published a graphical method for masonry domes that was similar to the method
developed by Schwedler. Like the membrane theory, this method allowed hoop forces to develop
in tension or compression in order to maintain the compressive thrust line, formed by the
meridional force vectors, at the median surface of the dome section. However, this method
could also be used for no-tensile strength hypotheses and could depart from the centerline of
the shell, an improvement over the classical membrane theory (Figure 2.8b). Wolfe contributed
a systematic method to calculate the varying internal hoop force values at different locations in
the dome graphically, and to allow for compression-only solutions. However, similar to Eddy’s
constraint of the thrust line to the middle-third of the lune section, Wolfe’s constraint of the
initial thrust line location to the median radius leads to a conservative estimate of the stability
of dome geometries.
Heyman [1967] determined the minimum thickness ratio, t/R, of domes by assuming hoop
forces exist only in the uppermost cap of the dome (Figure 2.9). Oppenheim et al. [1989] also
assumed zero hoop stresses in the lower portions of the dome to derive compressive thrust
lines for a hemispherical and pointed dome. Both acknowledged the importance of hoop forces
in the upper portions of domes, but argued that the radial cracking due to small outward
support movements would eliminate the possibility for tensile hoop forces to develop in the
lower regions. More recently, Lau [2006] developed the modified thrust line method, which she
used to determine the minimum thickness ratio for hemispherical domes with and without hoop
forces. Lau [2006] shows that for very thin domes the inclusion of compressive hoop forces results
in a larger number of safe dome geometries.
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Figure 2.7 – Figures from Poleni’s analysis of the dome of St. Peter’s, Rome demonstrating the common
simplification into a lune, with the corresponding hanging chain [Poleni, 1748].
33
CHAPTER 2. LITERATURE REVIEW
(a) Graphical analysis method for domes by
Eddy [1877]. The thrust line of the dome is
constrained to the middle third of the section
(b) Graphical analysis method for domes by Wolfe [1921].
The left-hand side of Fig. 500.’ shows the thrust line
constrained to the dome centerline for a dome with tensile
capacity and the right-hand side shows a thrust line of a
dome with no tensile capacity in which the solution departs
from the dome centerline in the lower portion of the dome.
Figure 2.8 – Graphical analysis method for domes by (a) Eddy [1877] and (b) Wolfe [1921].
Figure 2.9 – Figures from Heyman’s 1967 analysis of a masonry dome using limit analysis.
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D’Ayala and Casapulla [2001] explored the influence of finite friction on the minimum thick-
ness ratio for a hemispherical masonry dome under self-weight. The authors developed a proce-
dure where a unique, admissible stress surface is found that lies within the dome thickness and
satisfies frictional constraints. The results are compared with those from Heyman [1967], and
it is shown that for values of the coefficient of friction less than 0.35 the minimum thickness
is governed by friction. Though voussoirs in a stone dome may develop some friction at their
interfaces, the common presence of radial cracks in the masonry limits the reliability of the
dome to develop tensile hoop forces from friction. The present study concentrates instead on
the structural limits of domes with no reliance on tensile strength.
While there have been numerous studies on the general stability of masonry domes, re-
searchers have devoted little attention to their collapse mechanisms. Specifically, both the study
of masonry domes supported on tall walls or buttresses, and the stability of domes under quasi-
static seismic loading are open problems. Relevant work on other types of vaulted masonry
structures undergoing such loading is presented here.
2.5.1 Spreading Supports
The application of limit analysis to assess the stability of masonry domes supported on tall walls
or buttresses has not been attempted. For most masonry structures, imposed displacements due
to progressive geometry changes in the supports are the greatest threat to overall stability. This
type of loading has been considered for the masonry arch. A number of early studies have been
made exploring the possible mechanisms resulting from imposed displacements. Danyzy [1732]
carried out a series of experiments on arches exploring the effects of support displacements on
stability and collapse mechanisms, illustrations from these experiments are shown in Figure 2.6.
Schulz [1808] published a series of possible collapse mechanisms for semicircular arches supported
on buttresses. In 1854, Viollet-le-Duc investigated the badly deformed vault in the church at
Ve´zelay, France. His illustrations demonstrate a link between the deformation of the vault and
its spreading supports [Viollet-le-Duc, 1854; Ochsendorf, 2002]. More recently, Smars [2000]
and Ochsendorf [2002, 2006] have studied the role of imposed displacements on arches. Smars
[2000] has identified a domain of statically admissible movements for a given mechanism in a
semicircular arch. Ochsendorf [2002, 2006] has studied a similar problem, but he has allowed
for the mechanism to change as the arch spreads. In addition, he has considered the influence
of movements on the horizontal thrust of the arch.
2.5.2 Acceleration Loading
Similar to the previous load case, a study of the lateral stability of masonry domes subject to a
constant acceleration has not been attempted. Again, this type of loading has been considered
for other types of masonry structures and that research will be presented here. All of these
approaches apply a constant lateral acceleration, either directly or by tilting, to simulate possible
earthquake effects.
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5.7 Experimental Results 
Small scale experiments have been conducted in order to investigate the collapse 
mechanisms of arches on spreading supports. Two model arches were made from 
voussoirs cast as individual concrete blocks, 50mm in radial thickness. Arch1 had a 
radius of 220mm and a thickness ratio, t/R, of 0.23, with voussoirs of approximately 
11°. Arch2 had a radius of 385mm and a thickness ratio, t/R, of 0.13, with voussoirs 
of 10°. Both arches were tested to collapse by spreading the supports, and the results 
are presented in Figures 5.18-5.21 and in Table 5.4.  
 
 
 Figure 5.18. Undeformed masonry arch of approximately 11° blocks (Arch1: t/R=0.23, α=90°). 
 
 
Figure 5.19. Deformed Arch1 on spreading supports just before collapse. 
 109
Figure 2.10 – Masonry arch on spreading supports, just before collapse from Ochsendorf [2006] (n = 16,
t/R=0.23, α = 90◦).
Oppenheim [1992] and Clemente [1998] both addressed the problem of the masonry arch
under horizontal ground accelerations by considering a single degree of freedom, four-hinge,
analytical model. Each used different methods to derive the equilibrium equations, and then
determined the critical collapse state by iterating through all possible solutions. Appleton [1999]
and Ochsendorf [2002] studied the same problem using the principle of virtual work to deter-
mine the angle of tilt to cause collapse, and the corresponding horizontal ground acceleration.
Ochsendorf [2002] extends this study to demonstrate the effects of buttresses on the stability
of the arch and the overall stability of the structure. De Luca et al. [2004] conducted a simi-
lar study of the stability of an arch on buttresses. Finally, DeJong [2009] has implemented a
graphical parametric tilting thrust line analysis of different masonry typologies: the masonry
arch, the buttressed barrel vault, and the buttressed barrel vault with side aisles. This research
provides valuable insight into the the stability of an arch or vault alone, as well as into their
interaction with different structural components such as buttresses. For both arches and domes,
small movements of the supports can destabilize the structure over time. It is not known to
what extent support movements affect the safety of masonry domes.
2.6 Curving Walls
The first mention of curving masonry walls in literature, occurs in 1608 when Sir Hugh Platt,
an English gardening authority of the time, noted the benefits of growing fruit against a wall
facing the sun in his compilation of garden experiments entitled Florae Paradise [O’Neill, 1980].
At the beginning of the nineteenth century many mentions of the economy of serpentine walls
and their typical geometries begin to emerge in English gardening literature and the technology
seems to be fairly commonplace. However, there does not appear to be a single mention of
such walls in any scientific literature to date. Thus, a brief review of two related topics will be
provided for context: masonry buttresses and drystone retaining walls.
Masonry buttresses, structurally, are similar to masonry walls and the two can be analyzed
using similar techniques. Recent work by both Ochsendorf and Huerta [Ochsendorf et al., 2004;
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Ochsendorf and Lorenzis, 2008; Huerta, 2010] on masonry buttresses has addressed the collapse
condition of masonry buttresses subjected to concentrated lateral load. Ochsendorf et al. [2004]
show that the overturning collapse of a masonry buttress involves the formation of a surface
of fracture, which reduces the collapse load, highlighting the fact that buttresses calculated on
the basis of a monolithic assumption are unsafe. Huerta [2010] provides an extremely thorough
history of the development of buttress design, including a discussion of limit state analysis for
walls and buttresses.
There is a fair body of research on the stability of drystone retaining walls which have some
similar characteristics to unreinforced curving masonry walls. Until recently, the best physical
test data for drystone walls dated back to experiments reported by Lieutenant-General Burgoyne
[1834]. Based on these field tests, a number of numerical studies have been conducted using
UDEC, a two-dimensional discrete element modeling software, to test the validity of various
analysis methods [Harkness et al., 2000; Powrie et al., 2002]. Recent work by Mundell et al.
[2009] has focused on the benefits of using a simplified limit analysis model to analyze drystone
masonry walls over more involved numerical analyses.
2.7 Summary
This chapter provided a critical overview of the key references and precedents relevant to limit
analysis of masonry domes and curving masonry walls. As a result, the following conclusions
can be drawn:
• Limit analysis methods are appropriate for assessing the stability and potential collapse of
pure compression masonry structures, and domes in particular. The appropriate method-
ology with which to do this is presented in Chapter 3.
• Scale model experiments are an appropriate method for assessing the stability of compu-
tationally complex pure compression masonry structures, and domes in particular. This
method is particularly enlightening when studying various loading conditions as in Chap-
ters 4 & 5.
• Numerical implementations of limit analysis have been successful in capturing the collapse
behaviors of two dimensional masonry structures subjected to various loading conditions,
but these methods have not been extended to more complex three dimensional masonry
structures, such as domes. Chapters 4 & 5 accomplish this for the masonry dome on
spreading supports and for the masonry dome under lateral acceleration.
• There has yet to be a quantitative study on the effects of curvature on the stability of curv-
ing masonry walls. An analysis model is developed and compared with new experimental
results in Chapter 7.
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Part II
Collapse Analysis of Masonry Domes
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Chapter 3
Methodology for Analyzing Masonry
Domes
3.1 Introduction
A dome is a both an architectural and structural building element which typically forms a round,
vaulted roof. A dome can be idealized mathematically as a shell of revolution created by tracing
a curve rotated about a central axis. Although there is potential to extend this work to more
complex shells of revolution, for the sake of simplicity this dissertation defines a dome as a
spherical cap of constant thickness with a half angle of embrace, α. Values for α can range
from quite small (45◦), resulting in a very shallow dome, to a full 90◦ from crown to abutment,
forming a hemisphere. For example the dome of the Hagia Sophia embraces approximately 140◦
(α = 70◦). Cross-sections of both the Hagia Sophia and the Pantheon, two of the most famous
masonry domes, are shown in Figure 3.1.
α=70°
Figure 3.1 – Cross sections of (a) the Roman Pantheon and (b)the Hagia Sophia in Istanbul showing
the half angle of embace of the dome, α.
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Despite centuries of progress in engineering, there are still many unanswered questions re-
garding the structural behavior of masonry domes. Most analyses of masonry domes focus on
determining lower bound safe solutions, researchers have devoted little attention to their collapse
mechanisms. Specifically, both the study of masonry domes supported on tall walls or buttresses,
and the stability of domes under quasi-static seismic loading are open problems. Chapters 3–5
explore the collapse mechanisms of unreinforced masonry domes and provide insight into their
failure.
In this chapter the methodology used to analyze masonry domes is presented along with a
discussion of the thrust of domes and their limiting thickness, both of which help to illustrate the
basic mechanics of domes. A two-fold approach is used where equilibrium analyses are combined
with physical, scale model experiments. The complementary explorations inform each other and
lead to robust predictions of collapse behavior for multiple loading conditions. Chapter 4 explores
applied displacements using a spreading analysis and Chapter 5 explores applied accelerations
using a tilt analysis.
3.2 Geometry
It is important to establish the definitions and geometry that will be used throughout Part II. It
will be most convenient to work in spherical coordinates given that the dome itself is a spherical
cap, defined by a centerline radius, R, a polar angle, φ, equal to α, and a thickness, t. These
three parameters uniquely describe a dome for this thesis. The thickness and centerline radius
of the dome can be combined into a dimensionless quantity known as the thickness ratio, t
R
.
Figure 3.2 shows the geometric parameters defined and used for masonry dome analysis in this
dissertation, based on similar definitions by both Heyman [1967] and Lau [2006].
Using the unique parameters it is possible to define the interior and exterior radius of the
dome, Ri and Ro respectively, as:
Ri = R− t
2
(3.1)
Ro = R+
t
2
(3.2)
Additionally the clear span of the dome, L, is defined as:
L = 2(R− t
2
) sinα (3.3)
Following a common simplification in dome analysis due to symmetry, a representative wedge
of a dome known as a lune is typically analyzed. The lune is cut by two planes passing through
the z-axis with a dihedral angle, θ. In practice, a dome is an assemblage of discrete blocks known
as voussoirs. Technically, a voussoir is a sector of a lune, where the sector is enclosed by two
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ϕ1
ϕ2
α
t
R
L/2
θ
Figure 3.2 – Definition of geometric parameters for a masonry dome showing a typical lune (left) in
section and plan (right). The shaded region highlights a typical voussoir.
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radii passing through the center of curvature at angles φ1 and φ2 (Figure 3.2b). The number of
voussoirs of constant sector size that a lune is divided into, n, is defined as:
n =
2α
∆φ
(3.4)
The weight of an individual voussoir, assumed to act at its centroid, is found by multiplying
the volume integral by density and gravity:
w = ρg
∫∫∫
V
r2 sinφ dr dθ dφ (3.5)
where the volume for an individual voussoir is defined by the interval, V :
V = {(r, θ, φ)|Ri ≤ r ≤ Ro,−θ
2
≤ θ ≤ θ
2
, φ1 ≤ φ ≤ φ2} (3.6)
evaluating equation 3.5 over this interval yields:
w = ρg
θ
3
(R3o −R3i )(cosφ1 − cosφ2) (3.7)
The weight of the entire lune, W , can be found by evaluating equation 3.7 with φ1 = 0 and
φ2 = α, yielding:
W = ρg
θ
3
(R3o −R3i )(1− cosα) (3.8)
The coordinates of the centroid of an individual voussoir in spherical coordinates are defined
by the following expressions:
x¯ =
∫∫∫
V
r3 sin2φ cos θ dV
w
(3.9)
y¯ =
∫∫∫
V
r3 sin2φ sin θ dV
w
(3.10)
z¯ =
∫∫∫
V
r3 sinφ cosφ dV
w
(3.11)
evaluating these expressions over the volume for an individual voussoir defined by V (equation
3.6) yields:
x¯ =
3
8
R4o −R4i
R3o −R3i
sin θ
2
θ
2φ2 − 2φ1 + sin 2φ1 − sin 2φ2
cosφ1 − cosφ2 (3.12)
y¯ = 0 (3.13)
z¯ =
3
8
R4o −R4i
R3o −R3i
sin2φ2 − sin2φ1
cosφ1 − cosφ2 (3.14)
The preceding geometric parameters will be used throughout the following chapters.
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3.3 Equilibrium Analysis
As discussed in §2.2, limit analysis methods specified for masonry are effective for the assessment
of masonry under static loading [Heyman, 1995]. Within the framework of limit analysis a
structure is assessed per the safe theorem for masonry—if a thrust line can be found that lies
wholly within the masonry, the structure is safe. Thrust lines, defined in §2.1, provide an
excellent visualization of the forces within a structure. Once the thrust line can no longer
be contained within the masonry, the masonry can not support the applied loads, and the
structure is no longer in equilibrium without hinging. Hinging by itself is not inherently unstable,
for failure to occur a sufficient number of hinges must form in order to create a mechanism.
The number of hinges required to form a mechanism is a function of the degree of statical
indeterminacy of the structure: there must be one more hinge than degrees of indeterminacy.
These key ideas will be used throughout the following chapters. In this section, the stability of
the masonry dome under its own weight is investigated to gain a better general understanding
of the structure before exploring specific load cases in later chapters.
3.3.1 Thrust of Domes
Domes develop two primary internal forces, meridional and hoop, that act roughly perpendicular
to each other. Similar to an arch, a dome develops meridional forces to transfer gravity loads
to the base. In general, these forces are compressive and increase in magnitude from the crown
to the base for any dome loaded uniformly and axisymmetrically (Figure 3.3). Unlike an arch,
a dome can find additional equilibrium solutions by developing internal hoop forces that act in
the latitudinal direction as parallel rings. These forces resist out-of-plane bending within the
dome allowing it to carry a wide range of loadings through purely tensile or compressive internal
forces. Hoop forces also allow ring-by-ring construction of a dome without centering. As a
result, though an arch is unstable without its keystone, a dome with an oculus can be stable, as
evidenced by incomplete domes around the world, such as the Roman Pantheon.
The resultant horizontal force at the abutment of the dome is known as the thrust. A
perfectly constructed dome supported on rigid abutments is statically indeterminate and can
Hoop Forces
Meridional Forces
Figure 3.3 – Primary internal forces in a masonry dome.
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resist a range of possible thrust values [Heyman, 1995; Ochsendorf, 2002]. Figure 3.4a shows
one of an infinite number of thrust lines for a hemispherical dome, represented by two opposing
lunes, subject to its own self-weight, where H is the thrust. It is important to note that different
loading conditions will result in different, potentially non-symmetric, thrust lines. Any slight
change in the geometry of the dome can create a kinematic mismatch forcing the dome to
crack to accommodate the change. These cracks are idealized as hinges and the thrust line is
constrained to pass through them. The minimum state of thrust is shown in Figure 3.4b, with
a symmetric four-hinge configuration. As discussed in §2.2 hinges must alternate between the
intrados and the extrados to be considered unique, thus there are only three unique hinges. In
this state the dome is stable and statically determinate. Collapse of the dome will only occur
when sufficient hinges have formed to create a mechanism.
The ability to explore a full range of satisfactory equilibrium solutions for the dome has
long been limited by simplifying assumptions and ease of computation. The various analysis
techniques for constructing thrust lines in domes discussed in section 2.2 vary widely in their
assumptions, but they can be divided into two groups: those that allow compressive hoop forces
to develop within the dome and those that neglect the transfer of hoop forces. Neglecting
hoop forces allows the analyst to model the dome as a quasi two-dimensional arch, greatly
simplifying the analysis. Most recently, Lau [2006] developed the modified thrust line method
which includes internal hoop forces, allowing them to assume a range of values in both tension
and compression. By varying internal forces her method identifies a range of solutions that
existing methods cannot; however she also states that the values of thrust obtained with the
modified thrust line method are similar or identical to those obtained using the assumption of
zero hoop force transfer.
Based on this conclusion, the author’s own MATLAB program MinDomeThrust (Appendix
A) is developed to explore stability and permissible thrust values of a dome subject to its own
self-weight. It is assumed that the horizontal thrust is constant throughout and that the transfer
of hoop forces is not permitted. The program calculates all possible thrust line solutions for a
representative lune of a dome, and from these solutions the minimum thrust state is determined.
If no valid thrust line solutions are found, then the dome is unstable and the program does not
H Hmin
Figure 3.4 – The hemispherical dome under its own weight. (a) Arbitrary thrust. (b) Minimum thrust.
46
3.3. EQUILIBRIUM ANALYSIS
r
ϕ
H
H
W
(rTL(α),α)
(rTL(0),0)
x(α)
r
ϕ
H
H
W
(rTL(ϕ),ϕ)
(rTL(0),0)
w(ϕ)
x(ϕ)
H
w(ϕ)
W
Figure 3.5 – Typical (a) lune segment and (b) lune-sector and the forces acting on each used for the
MinDomeThrust program.
return a solution. The MinDomeThrust program computes the minimum thrust, Hmin, the
corresponding thrust line, rTL(φ), and the hinge locations, β1 and β2, for a lune.
The algorithm executed in MinDomeThrust is shown in Figure 3.6. For all possible com-
binations of an initial location of the thrust line at the crown of the dome, (rTL(0), 0), and a
final location of the thrust line at the abutment, (rTL(α), α), a thrust line is calculated (Figure
3.5a). This brute force search is represented by conditions C1 and C2 from Figure 3.6; the thrust
line calculation is represented by process P1. Based on a single combination of endpoints, one
possible thrust line is calculated. The initial step in the calculation is to determine the value
of horizontal thrust, H, that will ensure equilibrium of the entire lune, which is defined by the
interval, Vlune:
Vlune = {(r, θ, φ)|Ri ≤ r ≤ Ro,−θ
2
≤ θ ≤ θ
2
, 0 ≤ φ ≤ pi
2
} (3.15)
Figure 3.5a shows a typical lune segment for a hemispherical dome and the forces acting on the
lune. The following equilibrium constraint must be met to ensure moment equilibrium of the
lune:
W (rTL(α)− x¯(α))−HrTL(0) = 0 (3.16)
where W is the total weight of the lune and x¯(α) is the x coordinate of the centroid of the lune
found using Equation 3.12 evaluated over Vlune. The thrust, H, is found from this constraint.
Once H is found, rTL(φ) can be found for all intermediate values {φ|0 ≤ φ ≤ α}. The shaded
region in Figure 3.5b shows the forces acting on a sector of a lune within the dome defined by
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START
User defines geometry: α, tR , θ
Ri ≤ rTL(0) ≤ Ro
Ri ≤ rTL(α) ≤ Ro
valid = Calculate Thrust Line Solution
H < Hmin
Store: Hmin, W , β1, β2, and rTL
Hmin, W , β1, β2, and rTL
END
C1
C2
C3
P1
P2
yes
no
yes
no
yes
no
Figure 3.6 – The algorithm used to determine the minimum thrust of a dome under its own weight in
MinDomeThrust.
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the interval, Vlune−sector:
Vlune−sector = {(r, θ, φ)|Ri ≤ r ≤ Ro,−θ
2
≤ θ ≤ θ
2
, 0 ≤ φ ≤ φ} (3.17)
In order to ensure internal moment equilibrium of the lune-sector, the following equilibrium
constraint must be met:
w(φ)(rTL(φ) sinφ− x¯(φ))−H(rTL(0)− rTL(φ) cosφ) = 0 (3.18)
where w(φ) is the weight of the lune-sector found using Equation 3.7 and x¯(φ) is the x coordinate
of the centroid of the lune-sector found using Equation 3.12, both evaluated over Vlune−sector.
Equation 3.18 is evaluated for all intermediate values of φ and the corresponding position of the
thrust line, rTL(φ), is calculated.
At this point it is necessary to check whether or not the thrust line solution lies within the
masonry. Thus, the geometric constraint Ri ≤ rTL ≤ Ro is tested. If the constraint is satisfied,
then the thrust line is an acceptable equilibrium solution. The hinge locations A and B, angles
β1 and β2, for a given thrust line solution correspond to the maximum and minimum values of
rTL(φ), respectively, that fall within 5% of the lune’s thickness from the edge of the masonry.
Hinge A forms as far from the crown as possible, while hinge B forms as close to the crown as
possible given the prescribed tolerance for determining hinges. All valid thrust line solutions
are tested to determine whether they correspond to the minimum horizontal thrust (Figure 3.6
C3). If the value of horizontal thrust is lower than any encountered previously, the solution is a
minimum thrust solution and it is stored, process P2.
This entire process is repeated for all combinations of rTL(0) and rTL(α). Once complete,
Hmin, W , β1, β2, and rTL are output. A satisfactory equilibrium solution for the lune is, by the
lower bound theorem, a satisfactory solution for the entire dome.
Figure 3.7 shows the minimum thrust solution for a hemispherical dome (α = 90◦) with a
thickness ratio of 0.10, where the dashed line is the thrust line. The dome is analyzed as two
opposing θ = 60◦ lunes forming a quasi-two-dimensional arch, which is then divided into n = 15
voussoirs. These values are chosen to correspond to the physical scale-model domes that will be
used for experiments in Chapters 4 and 5. Hinge A forms at an angle β1 = 30
◦ and hinge B
forms at an angle β2 = 66
◦. Due to the symmetry of the problem, hinges A∗ and B∗ are not
independent, but rather mirrors of hinges A and B. Point C, and by symmetry C∗, is simply
the location where the thrust line exits the lune.
Equilibrium solutions producing the minimum horizontal thrust for a range of hemispherical
dome geometries are identified and the corresponding hinge locations and minimum thrust,
normalized by the weight of the lune, are shown in Figures 3.8 and 3.9 respectively. In Figure
3.8 the hinge locations A, B, A∗, and B∗ are plotted for a range of thickness ratios, t
R
. The
hinges locations are constrained to the dashed horizontal lines, which represent the locations of
joints between blocks on the physical models. The extrados hinge A moves closer to the crown
for thicker domes, while the intrados hinge B remains constant for a range of geometries. In
Figure 3.9 the minimum thrust-to-weight ratio, Hmin
W
, of a hemispherical dome is plotted versus
thicknesses ratio. Hmin
W
is inversely related to the thickness ratio, t
R
. Thus a thicker dome has
steeper resultant forces at the abutment and thrusts less at the abutment.
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Figure 3.7 – Minimum thrust solution for a tR = 0.10 dome from the MinDomeThrust program. (n =
15, θ = 60◦)
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Figure 3.8 – Hinge locations versus thickness ratio for a spherical dome from the MinDomeThrust
program. (n = 15, θ = 60◦)
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Figure 3.9 – Minimum thrust-to-weight ratio versus thickness ratio for the dome from the Min-
DomeThrust program. (n = 15, θ = 60◦)
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3.3.2 Minimum Thickness Analysis
The thrust line in Figure 3.10a represents one of an infinite number of possible states of equi-
librium of the dome. The dome in Figure 3.10a can, in fact, accommodate a range of thrust
lines within the thickness of the masonry as has already been discussed. One can imagine that
there is a minimum thickness of dome which will just contain the thrust line, as shown in Figure
3.10b. In this extreme geometry there exists one unique line of thrust. The dome in Figure
3.10b is on the verge of collapse due to the formation of a symmetric six-hinge mechanism (five
unique hinges), shown in Figure 3.10c. Any slight change of geometry or loading will induce
collapse, causing the central cap of the dome to descend vertically while the lower portion of
each lune rotates outward about its base.
Figure 3.10 – The hemispherical dome under its own weight (a) stable and (b),(c) of minimum thickness.
While the exclusion of hoop forces has little impact on the Hmin
W
values, it does appear to
have an impact on the range of stable dome geometries [Lau, 2006]. Figure 3.11 shows the re-
quired minimum thickness for a stable hemispherical dome calculated using the MinDomeThrust
program overlaid on solutions by Heyman [1967] and Lau [2006]. The solutions by Heyman and
Lau vary only slightly, and both find a greater range of stable geometries by including hoop
forces. The inclusion of compressive hoop forces leads to thrust lines that are more semicircular
in shape, and thus lie within a dome of little to no thickness. The increase in stable dome
geometries with the inclusion of hoop forces is significant for very thin domes, where t
R
≤ 0.05.
For example, from Figure 3.11, a dome with a thickness ratio of t
R
= 0.02 and an angle of
embrace of α = 70◦ is theoretically not stable without hoop forces. Despite the difference in
minimum possible thickness ratio for nearly all values of α, the solutions for a hemispherical
dome, α = 90◦, are practically identical (Table 3.1). While this highlights the importance of
hoop forces in determining stable dome geometries, it should also be noted that masonry domes
with t
R
≤ 0.05 are very rare in practice.
Table 3.1 – Different solutions for minimum thickness of a compression-only hemispherical dome.
Minimum t
R
Key Assumptions
Heyman (1967) 0.042 Compressive hoop forces only
Lau (2006) 0.041 Compressive hoop forces only
Zessin (MinDomeThrust) 0.043 No hoop forces (n = 2α, θ = 1◦)
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Figure 3.11 – Required minimum thickness for spherical domes based on different methods of analysis,
overlaid on a figure from Heyman [1977].
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3.4 Scale Model Experiments
The safety assessment of masonry structures is a problem of stability, which is based purely on
geometry, and as such, results are independent of scale [Huerta and Aroca, 1989]. This fact
means that appropriate structural models can be created at reduced scale out of any material,
provided the models have sufficient material properties to ensure that sliding and crushing are not
possible. Small-scale model testing is a cost-effective method for assessing structural stability,
compared to the invasive testing of monuments or full scale experimental testing. Furthermore,
physical models provide an observation of collapse modes that may not have been detected
with analytical or numerical models, such as combined hinging and sliding. Finally, physical
experiments provide a benchmark against which future numerical modeling techniques can be
compared. Scale model experiments are conducted on masonry domes to validate analytical
results, as well as to shed light onto unknown three-dimensional collapse mechanisms. Model
domes are created using a novel three-dimensional printing technique that is outlined below and
described in detail by Quinonez et al. [2010]. The use of three-dimensional printed structural
models was first introduced at MIT by Prof. John Ochsendorf, and first implemented in the
author’s research [Zessin et al., 2010; Quinonez et al., 2010]. It has since been utilized by Block
et al. [2010] for free-form vault design. This section describes in detail the model generation
process and the model specifications.
Although the use of small-scale models in structural analysis of masonry structures has
shown some potential, a more efficient method of generating accurate small-scale models would
facilitate their use. Three-dimensional printing (3DP) of blocks can provide such a method. A
Z-Corporation ZPrinter 310 Plus is used to produce small-scale block models for determining the
collapse limits of masonry structures (Z-Corp. 2010). The printer extracts detailed information
from a CAD file of the model to create each block. This is a relatively new technology which
provides accuracy and flexibility in generating models at low costs [Dimitrov et al., 2006]. Despite
the myriad applications of 3D printed models, they have not been used for testing and analysis
of masonry structures.
3.4.1 Model Generation
The first step in creating a structural model using three-dimensional printing (3DP) technology is
to consider the desired stereotomy of the model. A primary difference between the conventional
use of 3DP technology and its use as a structural tool is that instead of creating one complete
part, numerous blocks are created with the intention of assembling them as a whole. It is
important to consider the phenomenon to be measured, as well as the block pattern and size of
the original structure. The location of interfaces between blocks can greatly affect the behavior
of the model, making this a crucial step in the process of creating a structural model. Though
it would be possible to print a monolithic three-dimensional structure like a masonry vault in a
single piece, similar to the continuous photo-elastic models produced by Rauch and Mark (1967),
such models are generally not useful for determining the collapse limits of historic structures.
The masonry domes described here are divided into a series of individual blocks, which represent
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the coursing of the masonry in a typical masonry dome. It is not necessary for each individual
brick or stone to be represented by a 3D printed block, only that the overall joint pattern be
consistent with that of the original structure.
Both cost and size considerations are important in creating the model. The time required
and the cost are functions of the volume to be printed. This means that any change in scale will
result in a cubic change in both time and cost, and it is therefore cost-effective to create models
which are less than one meter in total size. The choice of model material will also impact the
final cost of the model as well as the desired material properties of the model. As mentioned
above, all that is required is to ensure that sliding and crushing are not possible.
Once the model block geometry (or stereotomy in the case of a stone vault), scale, and
material have been selected, the printing process can begin. First, CAD files are created which
contain the individual blocks arranged to fit within the dimensions of the printer bed. Depending
on the size of the model, it may be necessary to print the model in multiple batches. The files
are then sent to the printer, providing the necessary information for printing. After the printing
process is complete, the individual pieces must be removed from the printer bed. Depending
on the material, different post-processing steps are necessary. All models described here are
printed with proprietary, Z-Corporation, plaster-like material; excavated; and baked for one
hour at 200◦C. The individual voussoirs were coated with two layers of polyurethane to seal
and protect them, as well as to provide sufficient friction to prevent against sliding. The coated
voussoirs were tested repeatedly to determine their coefficient of friction and were found to have
an average value of 0.7, which is typical for stone according to Rankine [1858].
3.4.2 Model Specifications
Two model hemispherical domes were created with varying thickness ratios. The overall geom-
etry of both domes is similar with the outer diameter, 2Ro, and height, Ro, approximately the
same: Ro ≈ 180mm1. Dome 1 has a thickness of t = 17.3mm, which is 10% of its centerline
radius (R = 173mm), corresponding to a thickness ratio of t
R
= 0.10. Dome 2 has a thickness of
t = 32.8mm, which is 20% of its centerline radius (R = 164mm), corresponding to a thickness
ratio of t
R
= 0.20. Each dome is composed of individual blocks, or voussoirs, which are manually
assembled for testing purposes. The geometry of the voussoirs can be described using the pa-
rameters defined in §3.2, shown in Figure 3.2. Table 3.2 provides the specific values describing
the individual block geometry for each dome. Both domes are built with seven rings of blocks
and a central cap corresponding to ∆φ = 12◦. The angle of the block in plan, θ, is the same for
each ring, but varies from ring to ring and for each dome. Dome 1 is composed of 145 blocks;
Dome 2 is composed of 137 blocks.
The quality of the production process is quite precise although not extremely accurate.
Accuracy indicates the proximity of measurement results to the true value, in this case the
difference between the printed block dimenions and the computer model. Precision indicates
the repeatability of the measurement, which refers to the variation within the population. The
1All dimensions provided are the dimensions defined in the computer model of each dome used for printing.
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Table 3.2 – Parameters Describing the Individual Block Geometry for Each Model Dome.
Dome 1 Dome 2
t
R
= 0.1 t
R
= 0.1
R = 173mm, t = 17.3mm R = 164mm, t = 32.8mm
φ1 φ2 θ φ1 φ2 θ
[◦] [◦] [◦] [◦] [◦] [◦]
- 6 360 - 6 360
6 18 60 6 18 45
18 30 30 18 30 22.5
30 42 20 30 42 22.5
42 54 15 42 54 15
54 66 15 54 66 15
66 78 12 66 78 15
78 90 12 78 90 15
thickness of each block was used as a representative value for comparison because it is the only
dimension that is constant for all of the blocks in a dome. The blocks of Dome 1 were all
consistently 0.57mm ± 0.20mm larger than the computer specified thickness. The blocks of
Dome 2 were all consistently 0.54mm±0.13mm larger than the computer specified thickness. It
appears that the printing process adds approximately 0.5mm to each block. It should be noted
that the increased size will occur in all dimension, and as such will not significantly affect the
thickness ratio, t
R
, of the dome. More importantly, the printing process is precise: both domes
had standard deviations in thickness of less than or equal to 0.20mm. This imprecision is of
course magnified in the thinner dome, where the variation is equivalent to 1.2% of the thickness
of Dome 1, as opposed to 0.4% of the thickness of Dome 2. In either case this level of precision
is more than sufficient for the current experiments.
3.4.3 High-Speed Video Data Collection
Scale model experiments are only valuable if the analyst is able to see the details of the collapse
of a structure. Recording video of the collapse allows for careful analysis. However, collapse of
masonry structures is sudden and typically happens within a fraction of a second. This creates
a challenge for how best to capture the most amount of data for analysis in such a short amount
of time. Typical video cameras record at a rate of 30 frames per second (fps). At this rate,
collapse will only be documented by a small number of frames and it is likely that valuable
information will be lost.
In this dissertation, all experiments are filmed using one of two high-speed video cameras:
a SVSi GigaView camera or a Photron FASTCAM SA7 camera. The SVSi camera is capable
of recording up to 500 fps, while the Photron camera is capable of recording up to 5,000 fps.
Such high frame rate capabilities mean that a typical collapse will be documented by hundreds
or even thousands of frames, allowing extremely detailed analysis. Both of these cameras have
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excellent pixel resolution as well. Thus, if there is an appropriate data measurement device
within the video frame, recorded experiments can be reviewed and data collected subsequently.
3.5 Summary
This chapter examined the stability limits of the masonry dome under its own weight. It is
important to understand the basic behavior of the masonry dome under its own weight before
different loading conditions can be explored in the following chapters (4 & 5). The concept of the
thrust line was used to visualize the internal forces of the structure and determine the minimum
abutment thrust. A structure exists in a state of minimum thrust and the MinDomeThrust
program will serve as the basis for analyzing different collapse mechanisms of domes. Chapter
4 will investigate the effects of support displacements on the overall stability of domes, while
chapter 5 will attempt a first-order seismic assessment of the dome.
The primary contributions of this chapter are the following:
• The development of MinDomeThrust program to determine the minimum thrust and hinge
locations of a dome, neglecting hoop forces, subject to its own self-weight.
• A minimum thickness solution for spherical masonry dome geometries that neglects hoop
forces, which highlights that hoop forces do not have an influence on minimum thickness
solutions for domes thicker than t
R
.
• Development of a novel three-dimensional printing method for small-scale structural model
generation.
• Use of high-speed video imaging techniques for data collection and collapse analysis of
small-scale structures.
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Chapter 4
The Masonry Dome on Spreading
Supports
1
4.1 Introduction
Unless a dome is built on perfectly rigid abutments, the abutments of the dome will inevitably
give way; whether due to thrust of the dome, displacements of the supporting structure, foun-
dation settlements, or any combination of these. Many masonry domes exist in a cracked state
due to such displacements. Small support movements force the dome to deform relative to its
original configuration which results in cracking and may lead to collapse. For example, the
unreinforced concrete dome of the Pantheon in Rome has significant cracking throughout and
the crown is approximately 0.56 meters lower than the original spherical geometry [Terenzio,
1934; Grasshoff et al., 2009]. Figure 4.1 shows the crack pattern that exists around the base of
the Pantheon, first documented by Terenzio [1934].
Figure 4.1 – A study of the Roman Pantheon by Terenzio Terenzio [1934] documented a series of
meridional cracks that exist around the base of the Pantheon [Mark and Hutchinson, 1986].
1Much of the work in this chapter can be found in Zessin et al. [2010]
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A similar displacement loading for arches has been touched upon by [Heyman, 1995] and
studied in great detail by [Smars, 2000; Ochsendorf, 2002]. This chapter studies the equilibrium
of cracked domes and determines the support movements necessary for collapse to occur. Section
4.2 of this chapter will model the three-dimensional problem of a masonry dome on spreading
supports in two dimensions and the results will be verified in section 4.3 using scale models.
4.2 Spreading Analysis
There are two main causes of applied displacements in a structure. As discussed in §3.3.1 the
dome will thrust against its supports, likely causing the supports to lean outwards. Alternatively,
differential foundation settlement can cause the support to rotate outwards. A support of height,
h, at the base of the dome will cause a horizontal displacement, ξh, for a rotation of ξ radians. It
is assumed that the support lean is small enough to use a first-order small-angle approximation.
Thus, the vertical support movement is negligible and the governing displacement is horizontal.
This is a reasonable assumption for structures on tall supports where a very slight amount of
lean can result in significant horizontal displacements.
In this chapter a spreading analysis will be performed for hemispherical masonry domes
(α = 90◦). In this analysis multiple supports of a dome are spread radially outward by a
uniform amount. As the supports move apart, the structure adapts, causing the crown of the
dome to descend and meridional cracks to form, which increases the value of horizontal thrust
on the supports. Figure 4.2 shows Heyman’s proposed (exaggerated) pathology of the masonry
dome on spreading supports. Domes like the Pantheon and St. Peter’s in Rome show precisely
such crack patterns.
Δx=ξh
ξ
h
Figure 4.2 – (a)A displaced support of height h leaning by an angle ξ. (b)Heyman’s proposed pathology
of the masonry dome on spreading supports [Heyman, 1995].
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4.2.1 Mechanism Analysis
A typical failure mechanism for a hemispherical dome on supports spreading radially outward
consists of two distinct phases. First, radial cracks begin to form along the meridians, as seen
in Figure 4.2. These cracks split the lower portion of the dome into lunes, leaving the upper
portion of the dome intact, as is typical in most historical masonry domes. Figure 4.3 illustrates
the progression of failure, initially the dome splits into an array of opposing lunes and (a) shows
the minimum state of thrust for two opposing lunes. For a support movement, x, each lune
will form an extrados hinge, A, at an angle of β1 from vertical, creating a central cap at the
crown of the dome. At the same time, a second hinge, B, will form somewhere within the lune
at an angle of β2 from vertical. As spreading continues, the lower portion of the lune translates
horizontally by a distance x, while segment AB rotates, and the central cap translates vertically
by a distance z. Finally, when the supports have moved a critical distance, xcrit, a third hinge,
C, will form at the base of the lune, β3 = 90
◦ (Figure 4.3b). Upon formation of the third hinge at
the extrados a collapse mechanism is formed, which causes the central cap to descend vertically
without rotating, while the lower portion of the lune rotates outward about the base (Figure
4.3c). Failure of the lune-arch will be governed by the formation of a symmetrical six-hinge
collapse mechanism similar to that of an arch on spreading supports, where the thrust from the
central portion of the arch is sufficient to cause overturning of the lower portion [Ochsendorf,
2006]. Only four unique hinges are required to form a collapse mechanism, though more hinges
can form due to symmetry. It is also important to note that while each lune is analyzed in
isolation, the collapse mechanism for an individual lune must be a possible mechanism for the
dome as whole.
This failure mechanism is represented in two dimensions by two lunes that directly oppose
each other forming an arch in the plane, θ = 0. Due to symmetry one lune with a vertical roller
at the crown is analyzed. The lune is defined by
V = {(r, θ, φ)|Ri ≤ r ≤ Ro,−θ
2
≤ θ ≤ θ
2
, 0 ≤ φ ≤ pi
2
} (4.1)
To determine the critical span increase to cause collapse and the hinge locations at collapse the
program DomeSpread was created. Figure 4.4 shows a flowchart of the program describing its
logic; it is written in MATLAB and included in Appendix A. First the user inputs the geometry
of the dome to be analyzed by defining the parameters α, t
R
, and θ. The program starts from a
known equilibrium state, in this case the minimum thrust state of the lune arch for x = 0: the
subroutine S1, MinDomeThrust, is run to find the thrust line solution and the corresponding
hinge locations, A and B, for a state of minimum thrust. Once the initial thrust state of the
dome has been determined valid, the program will satisfy condition C1 and proceed to process
P1 where the amount of spread is incremented and the geometry of the structure is updated
subject to the following geometric constraints:
At point A
xA′ = xA (4.2)
zA′ = zA − z (4.3)
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β1
β2
L
xcrit
zcrit
A: (xA, zA)
B: (xB, zB)
C: (xC, zC)
Aʹ
Bʹ
Cʹ
A*
B*
C*
Figure 4.3 – Assumed failure mechanism for a hemispherical dome subject to support displacements.
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START
User defines geometry: α, tR , θ
Execute sub-routine: MinDomeThrustt s -r ti : i r st
valid=1
x ≤ R
valid=0
Update Geometry: x = x+ ∆x
valid = Calculate Thrust Line Solution
xcrit, zcrit, β1, β2, and rTL
END
C1
S1
P1
P2
yes
no
Figure 4.4 – The algorithm used to determine the critical span increase to cause collapse in the MATLAB
program DomeSpread.
63
CHAPTER 4. THE MASONRY DOME ON SPREADING SUPPORTS
Point B
xB′ = xB + x (4.4)
zB′ = zB (4.5)
Point C
Ri + x ≤ xC′ ≤ Ro + x (4.6)
zC′ = zC (4.7)
Aditionally
AB = A′B′ (4.8)
For a prescribed movement, x, equations 4.3, 4.5 and 4.8 are used to determine the updated
positions of points A and B: A′ and B′.
After updating the geometry, the program continues to process P2 where it searches for a
valid thrust line solution. This solution is determined based on the following global equilibrium
constraints:
Moment equilibrium of segment A′B′ taken at A′
wAB(x¯AB′ − xA′)− (wcap + wAB)(xB′ − xA′) +H(zA′ − zB′) = 0 (4.9)
Moment equilibrium of segment B′C ′ taken at B′
wBC(x¯BC′ − xB′)−W (xC′ − xB′) +HzB′ = 0 (4.10)
Where the weights and centroid coordinates for each sector of the lune can be calculated using
equations 3.7 and 3.12. There is only one possible value of horizontal thrust, H, that will ensure
equilibrium of segment A′B′. Using this horizontal thrust, xC′ is found and the x constraint
on point C’ (Equation 4.7) is tested. If the constraint is met, the thrust line is valid. This is
repeated until a valid solution can no longer be found because the critical span increase to cause
collapse has been exceeded. At this point condition C1 is not met and the program will exit,
outputting the critical movement, xcrit, and the hinge locations, β1, β2, and β3. It is sufficient
to ensure equilibrium of the cap in the initial state only, due to the nature of the collapse
mechanism and the hoop forces that are capable of existing within the cap.
4.2.2 Spreading Limits at Collapse
Hemispherical domes of varying thickness ratios have been analyzed using the program Dome-
Spread to determine the critical span increase to cause collapse and the corresponding hinge lo-
cations. The domes are analyzed as two opposing θ = 60◦ lunes forming a quasi-two-dimensional
arch, which is then divided into n = 15 voussoirs. These values are chosen to correspond to the
physical scale-model domes and the spreading table that will be used in the experiments in §4.3.
The results are shown in Figures 4.6 and 4.5. Figure 4.5 plots the hinge locations, β1, β2, and β3,
for varying thickness ratios. The hinges locations are constrained to the dashed horizontal lines,
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which represent the locations of joints between blocks on the physical models. In all cases hinge
C forms at the support, such that β3 = 90
◦. Hinges A and B are the same as the hinge locations
for the minimum thrust state. The location of hinge A determines the size of the central cap,
which is equal to 2β1. The difference between failure mechanisms for varying thickness ratios is
the size of the central cap. Domes with smaller t
R
ratios will form a larger cap at failure than
those with larger t
R
ratios. For example a hemispherical dome with a thickness ratio of t
R
= 0.2
forms hinge A at β1 = 18
◦, creating a central cap that embraces an angle of 36◦.
Figure 4.6 plots the critical span increase to cause collapse, 2xcrit
L
, versus thickness ratio. This
value is moderately sensitive to the voussoir discretization, n, because span increase is dependent
on the location of the hinges. As expected, at the minimum required thickness ratio, t
R
= 0.045,
the critical span increase is zero because the dome is just stable under its own weight—any
outward movement would cause collapse. Thicker domes are able to withstand larger support
movements, corresponding to a more stable geometry. As an example, a hemispherical dome
with a thickness ratio of t
R
= 0.2 is predicted to be able to spread to 32.2% of its span before
collapse, more than double a dome with t
R
= 0.1, which is predicted to spread to 14.3% of its
span before collapse. The relationship between critical span increase and thickness ratio can be
approximated by the following equation:
2xcrit
L
= −334
(
t
R
)2
+ 283
(
t
R
)
− 10.7 (4.11)
As was mentioned at the beginning of the chapter: a support of height, h, will cause a
horizontal displacement at the base of the dome of ξh for a rotation of ξ. If the height of the
dome’s support, h, is known it is possible to determine the critical angle of lean to cause collapse
based on the critical span increase to cause collapse, 2xcrit
L
. The two are related by:
ξ =
xcrit
h
=
L
2h
2xcrit
L
(4.12)
where ξ is in radians.
4.2.3 Thrust at Collapse
As the dome spreads and its span increases, the thrust at the supports increases due to the
geometry changes. This increase in thrust at the supports can have further destabilizing effects
for the dome, as well as the dome supports. Figure 4.7 plots the maximum thrust achieved at
collapse, Hcollapse, against the thickness ratio of the dome using the results from DomeSpread.
The value of thrust at collapse is normalized by the minimum thrust of the dome in its initial
state. The overall increase in thrust can be approximated by the following equation
H
Hmin
= 81.37(
t
R
)2 + 4.325(
t
R
) + 0.6735 (4.13)
where the minimum thrust Hmin can be obtained from Figure 3.9.
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Figure 4.5 – Critical hinge locations at collapse from DomeSpread program for a hemispherical dome
(n = 15, θ = 60◦).
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Figure 4.6 – Critical span increase to cause collapse from DomeSpread program for a hemispherical
dome (n = 15, θ = 60◦).
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Figure 4.7 – Increased thrust at collapse from DomeSpread for a hemispherical dome (n = 2α, θ = 1◦).
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4.3 Experimental Program
This section is focused on an experimental investigation of small-scale model domes on spreading
supports. Two model hemispherical domes of different thickness ratios are tested. The domes
utilize a new method of model generation discussed in §3.4.1, where small-scale structural models
are created using rapid prototyping technology. The detailed model parameters are outlined
in §3.4.1. Each test was filmed using a high-speed digital video camera permitting careful
observation of the collapse mechanism (§3.4.3). These experiments will be used to evaluate
the equilibrium analysis presented in §4.2 and to obtain a better understanding of the three-
dimensional collapse mechanisms of hemispherical domes.
In order to spread the domes uniformly outward, it was necessary to create a spreading table.
Figure 4.8 shows a schematic of the spreading table in its (a) initial, closed position and (b) after
it has spread. The table employs a simple mechanism that allows for six, 60◦ wedges to move
uniformly and radially outward by turning a central crank. The wedges are attached to Teflon
bars that ensure each wedge moves on a radial track. For all experiments the crank is turned
by hand so that the supports move slowly, at a linear speed of approximately 100 mm/min, to
minimize dynamic effects.
4.3.1 Results
Both Dome 1 and Dome 2 were spread to collapse eleven times. All of the experiments were
filmed using a SVSi high-speed video camera and the spread was measured with a series of rulers
ru
ler
rule
r
ruler
ruler
ruler
rule
r
ru
ler
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ruler
ruler
ruler
rule
r
Figure 4.8 – Schematic of the spreading table used for the experiments (design by Ken Stone).
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at each wedge. Failure was defined as an outward rotation of the base blocks about an extrados
hinge at the support. The moment of collapse was determined using video footage to identify
the onset of the rotation just described and then the corresponding critical span increase to
cause collapse was collected. The results are summarized in table 4.1 and the full data can be
found in Appendix B.
Table 4.1 – Summary of Experimental Results for the Dome on Spreading Supports
Thickness Ratio Critical Span Increase Collapse Hinges
t
R
2xcrit
L
β1 β2 β3
[%] [◦] [◦] [◦]
Dome 1 0.1 10.4± 1.2 30 66 90
Dome 2 0.2 31.9± 1.9 18 66 90
The percent span increase to cause collapse achieved by Dome 1 ranged from 8.8% to 12.8%.
The results were quite repeatable with over half of the tests falling in the range from 10.1% −
11.0%. The average percent span increase to cause collapse was 10.4% with a standard deviation
of 1.2%. The percent span increase to cause collapse achieved by Dome 2 ranged from 29.1%
to as high as 35.9%. The results were fairly evenly spread between 29% and 32% with two
exceptional tests spreading over 34%. The average percent span increase to cause collapse was
31.9% with a standard deviation of 1.9%. The results for both domes are evenly distributed
about the mean and very repeatable. There is a strong correlation between the outliers and
quality of construction. Domes that were noted to have particularly poor construction failed far
lower than the mean, while domes that were noted to have exceptional construction failed well
above the mean.
Collapse occurred in both domes by the symmetric six-hinge mechanism predicted by Dome-
Spread and shown in Figure 4.3. The sequence of images in Figure 4.9 shows the progressive
collapse of Dome 1. Initially as the dome spreads, it remains intact and retains its hemispherical
shape with no evidence of cracking (a). As the dome continues to spread, meridional cracks start
to open (b). Due to the design of the spreading table, cracking is concentrated at 60◦ intervals
around the base where the table separates. Once meridional cracks form, an intrados hinge
begins to open between the second and third row of blocks, hinge B (c). An extrados hinge, A,
must also exist somewhere between hinge B and the crown. This is difficult to identify from the
exterior of the dome, but in image (e) the extent of the meridional crack indicates that hinge A
is located between the fifth and sixth row of blocks. The formation of these two hinges allows
the dome to continue to spread, while the central cap descends (d-f). Spreading continues until
a critical distance, xcrit, at which point an extrados hinge, C, forms at the support and segment
BC rotates outward about C (g). This is the first visible sign of failure and it initiates the
remaining failure sequence. Once segment BC begins to rotate outwards, segment AB flattens
and becomes unstable causing the central cap to fall straight down as segment BC falls outwards
(i).
Collapse occurred in Dome 2 by the same symmetric six-hinge mechanism predicted by
DomeSpread and shown in Figure 4.3. The sequence of images in Figure 4.10 shows the pro-
gressive collapse of Dome 2. Initially as the dome spreads, it remains intact and retains its
hemispherical shape with no evidence of cracking (a). As the dome continues to spread, merid-
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Figure 4.9 – Still frames of a Dome 1 ( tR = 0.1) spreading analysis failure sequence.
a b c
d e f
g h i
(a) Uncracked dome.
(b,c) Meridional cracks begin to open.
(d,e) Intrados hinges begin to open between the second third rows of blocks.
(f) Extrados hinges form toward the crown of the dome.
(g) The lower lune segment rotates outward about the support.
(i) Failure progresses.
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ional cracks start to open (b). Due to the design of the spreading table, cracking is concentrated
at 60◦ intervals around the base where the table separates. Once meridional cracks form, an
intrados hinge begins to open between the second and third row of blocks, hinge B (c). An
extrados hinge, A, must also exist somewhere between hinge B and the crown. This is difficult
to identify from the exterior of the dome, but in image (e) the extent of the meridional crack
indicates that hinge A is located between the sixth and seventh row of blocks. The formation
of these two hinges allows the dome to continue to spread, while the central cap descends (d-f).
Spreading continues until a critical distance, xcrit, at which point an extrados hinge, C, forms at
the support and segment BC rotates outward about C (g). As in Dome 1, this is the first visible
sign of failure and it initiates the remaining failure sequence, however Dome 2 has a slightly
different failure sequence. Once segment BC begins to rotate outwards, segment AB flattens
and becomes unstable causing the central cap to fall straight down. In contrast to Dome 1,
segment BC does not fall outwards, after rotating outwards slightly to initiate collapse segment
BC recovers and remains standing (i).
Table 4.2 above also summarizes hinge locations, which are based on the failure sequences
described above and the block geometry of the model dome detailed in Table 3.2. The extrados
hinge, β1, and intrados hinge, β2, remained in their initial positions and did not move as the
supports spread.
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Figure 4.10 – Still frames of a Dome 2 ( tR = 0.2) spreading analysis failure sequence.
a b c
d e f
g h i
(a) Uncracked dome.
(b,c) Meridional cracks begin to open.
(d,e) Intrados hinges begin to open between the second third rows of blocks.
(f) Extrados hinges form toward the crown of the dome.
(g) The lower lune segment rotates outward about the support.
(i) Failure progresses.
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4.3.2 Comparison with Analytical Models
The analytical approach presented predicts slightly larger support movements than those mea-
sured experimentally though the results agree closely. Figure 4.11 shows the experimental data
plotted over a curve of the predictions from the DomeSpread program. The curve begins with
the minimum possible thickness ratio for a hemispherical dome ( t
R
=0.045) and continues for a
range of t
R
ratios. This is the same curve shown in Figure 4.6. The voussoir size is 12◦ (n = 15)
and θ = 60◦. This level of discretization is chosen based on the stereotomy of the dome and
ensures that theoretical hinges will form at angles that correspond to the physical joints between
blocks. Based on the analysis of the theoretical hinge locations found in §4.2 shown in Figure 4.5
two different locations of hinge A are possible, while hinges B and C should form at β2 = 66
◦,
and β3 = 90
◦ respectively. For domes with a thickness ratio less than or equal to 0.01 hinge A
will form at β1 = 30
◦. For domes with a thickness ratio greater than 0.01 hinge A will form at
β1 = 18
◦. Thus, domes with thickness ratios of 0.10 or less will have a larger central cap with
an angle of embrace of 60◦ and domes with thickness ratios larger than 0.10 will have a smaller
central cap with an angle of embrace of 36◦. Thus from Figure 4.11 both critical span increase
and hinge locations can be determined.
The experiments confirmed that the theoretical approach presented in §4.2 is justified and
correctly predicted the final collapse mechanism for both domes. DomeSpread predicts that
Dome 1 ( t
R
= 0.1) will fail at a critical span increase of 14.3% with hinges β1 = 30
◦, β2 = 66◦,
and β3 = 90
◦. The output from the program is shown in Figure 4.12a. The hinges predicted
match those observed in experiments. The experiments show that on average Dome 1 spread
27% less than predicted. DomeSpread predicts that Dome 2 ( t
R
= 0.2) will fail at a critical
span increase of 32.2% with hinges β1 = 18
◦, β2 = 66◦, and β3 = 90◦ (Figure 4.12b). While
Dome 2 failed slightly lower than predicted as well, the results were quite good with the average
span increase to failure within 1% of the predicted value. Table 4.2 provides a summary of the
comparison between theoretical and experimental results.
Table 4.2 – Summary of Experimental Results for the Dome on Spreading Supports
Thickness Ratio Critical Span Increase Collapse Hinges
t
R
2xcrit
L
β1 β2 β3
[%] [◦ ] [◦] [◦]
Dome 1 0.1 10.4± 1.2 30 66 90
DomeSpread 0.1 14.3 30 66 90
Dome 2 0.2 31.9± 1.9 18 66 90
DomeSpread 0.2 32.2 18 66 90
While the experiments match the predictions well, the next section will discuss how imper-
fections in the individual blocks of the dome and in the overall construction of the dome can
affect the experimental results.
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Figure 4.11 – Critical span increase to cause collapse from DomeSpread program for a hemispherical
dome (n = 15, θ = 60◦) plotted with the experimental results for Dome 1 ( tR = 0.1) and Dome 2
( tR = 0.2).
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Plan View
t/R = 0.02
Voussoir size: 12°
θ = 60°
2xcrit/L = 32.2% 
β1 = 18°
β2 = 66°
β3 = 90°
L xcrit
Plan View
t/R = 0.10
Voussoir size: 12°
θ = 60°
2xcrit/L = 14.3% 
β1 = 30°
β2 = 66°
β3 = 90°
L xcrit
Figure 4.12 – Visual output from DomeSpread program showing critical span increase to cause collapse
and the corresponding collapse mechanism for a hemispherical dome (n = 15, θ = 60◦)
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4.3.3 Effective Thickness Modification
The experimental results presented in the previous section are quite good, however this section
will provide a modification to the thickness of the dome in order to account for the discrepancy
between the theory and experiments. Despite attempting to limit damage to the individual
blocks, slight chipping along the blocks edges was clearly visible after initial testing. This
phenomenon is known as corner rounding and will cause the hinges of the arch, or rotation points
between blocks, to move within the thickness of the dome, essentially reducing the thickness of
the dome [DeJong, 2009]. Figure 4.13a shows a schematic of a block interface with corner
rounding, and the resulting reduced thickness. A second cause for reduced thickness at a block
interface is imperfections in construction. Figure 4.13b shows a schematic of a block interface
where poor construction results in reduced thickness due to imperfect alignment at the block
interface. For both domes the measured corner rounding was on the order of 1mm. For Dome
1 where t = 17.3mm a loss of 1mm at each edge is approximately equal to a 10% thickness
reduction. Construction imperfections likely result in an equal reduction of thickness. Thus
with a 20% thickness reduction, it could be assumed that Dome 1 has an effective thickness of
0.8 t
R
or t80
R
= 0.08. Dome 2 is approximately twice as thick as Dome 1, which corresponds to
a thickness reduction equal to half of that for Dome 1 or 10%. This is equal to an effective
thickness of 0.9 t
R
or t90
R
= 0.18. DeJong [2009] describes the same phenomenon and suggests a
similar modification to the thickness, where he assumes teff = 0.8t for all arch geometries.
Figure 4.14 shows the improved correlation between theory and experiments achieved by
accounting for reduced thickness at the block interface. Using DomeSpread with the effective
thickness modification and comparing the experimental data to these results provides an excel-
lent prediction of the model dome behavior. DomeSpread predicts that Dome 1 ( t
R
= 0.08) will
fail at a critical span increase of 10.0% with hinges β1 = 30
◦, β2 = 66◦, and β3 = 90◦. Com-
paring the experimental data with this new prediction shows that on average for Dome 1 the
experimental critical span increase is now 4% above the predicted value. DomeSpread predicts
that Dome 2 ( t
R
= 0.18) will fail at a critical span increase of 29.1% with hinges β1 = 18
◦,
β2 = 66
◦, and β3 = 90◦. On average the experimental critical span increase is now 10% above
the predicted value and none of the tests fall below the predicted value. Thus by account-
ing for corner rounding and construction imperfections the critical span increase predicted is
more accurate and for the case of Dome 2 more conservative. Table 4.3 provides a summary of
the new comparison between theoretical and experimental results using the effective thickness
modification described in this section.
t
teff
t
teff
Figure 4.13 – Schematic of a block interface demonstrating the reduced thickness due to (a) corner
rounding and (b) construction imperfections.
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Figure 4.14 – Critical span increase to cause collapse from DomeSpread program for a hemispherical
dome (n = 15, θ = 60◦) plotted with the adjusted experimental results for Dome 1 ( tR = 0.09) and Dome
2 ( tR = 0.18).
Table 4.3 – Summary of Experimental Results for the Dome on Spreading Supports
Thickness Ratio Critical Span Increase Collapse Hinges
teff
R
2xcrit
L
β1 β2 β3
[%] [◦ ] [◦] [◦]
Dome 1 t80 = 0.08 10.4± 1.2 30 66 90
DomeSpread 0.08 10.0 30 66 90
Dome 2 t90 = 0.18 31.9± 1.9 18 66 90
DomeSpread 0.18 29.1 18 66 90
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4.3.4 Width of Cracking
A simple relationship exists between the width of cracking expected at the base of a dome and
the distance the dome’s supports have spread due to the linear relationship between the radius
of a circle and its circumference. A dome span that has spread a total distance of 2x will have
a new base circumference of C = 2pi(R + x); therefore the total width of cracking, wcr, around
the base of the dome must be equal to:
wcr = 2pix (4.14)
As an example, consider a hemispherical dome of 5 m median radius with a constant thickness
of 500 mm ( t
R
= 0.10). It is quite plausible that such a dome could suffer an outward movement
of the supporting piers of 100 mm due to foundation movements or pier deflections over the
centuries. A total span increase of 200 mm over the interior span of 9.5 m would correspond to
a 2% increase in span ( 2x
L
= 0.02). The total width of expected cracking around the circumference
would be 2pi(100mm) = 628 mm. If radial cracks are assumed to occur every 45◦ around the
dome, then at the base of the dome, eight individual cracks of 80 mm would be expected to
occur. Of course if fewer cracks formed then each crack would be wider, and if more cracks
formed, then each crack would be thinner. Though a brick or stone dome with 80 mm cracks
may alarm some engineers, this chapter has demonstrated that such a cracked dome would be
in a state of stable equilibrium. The supporting walls would need to deform substantially more
to cause failure. Theoretically, such a dome could deform up to 14.3% of the span, while in
practice, a 7% span increase is likely to be a safe limit, as demonstrated by the experiments on
model domes (Figure 4.6). Assuming that the supporting structure is stable, a 2% span increase
by itself would not be a cause for concern.
4.4 Summary
This chapter has identified the governing collapse mechanism for a hemispherical dome on spread-
ing supports and illustrated the effect of varying thickness ratio on the ability of the dome to
accommodate an increase in span. This is particularly important as it is the first time that any
type of assessment of masonry domes due to displacement loading has been conducted, both
analytically and experimentally. From this study, the following points are significant:
• The nature of the collapse mechanism means that a quasi-two-dimensional analysis of
the spreading of a dome is an appropriate analysis method for examining the stability of
domes.
• The postulated failure mechanism provided an accurate representation of collapse.
• The program DomeSpread was able to accurately predict both critical span increase, 2xcrit
L
,
and hinge locations, β1, β2, β3.
• The effective thickness modification provided a greatly improved correlation between the-
ory and experiments.
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• The use of small-scale model for structural testing is an effective method to analyze complex
structures.
• In both cases, the experiments confirmed that the two-dimensional simplifications pre-
sented in this dissertation were justified and correctly predicted the final collapse mecha-
nism.
• Outward movements of dome supports will cause cracks and will lead to increased values
of horizontal thrust.
• Actual domes may collapse at slightly lower span increases than expected due to imper-
fections or to material crushing.
• The experiments demonstrate that domes can support significant support movements and
that some degree of radial cracking is both expected and safe in historic masonry.
• Only hemispherical domes of constant thickness have been considered here, but the ap-
proach can be expanded to include domes of any geometry.
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Chapter 5
The Masonry Dome under Lateral
Acceleration
5.1 Introduction
As the previous chapter demonstrated, masonry domes can be analyzed as an assemblage of
rigid blocks that typically collapse due to instability of the structure rather than failure of the
material. In addition to the threat of support movements, earthquakes can apply large horizontal
accelerations, which may destabilize a masonry dome. Such is the case with the Hagia Sophia,
whose dome suffered a major collapse in 558 and two subsequent partial collapses in AD 989 and
AD 1346 [Mainstone, 1969]. This chapter investigates the resistance of spherical masonry domes
to earthquakes using an equivalent static analysis technique, a tilt analysis, where a dynamic
earthquake loading is simplified and represented as a constant horizontal acceleration. This is
equivalent to applying a constant horizontal ground motion and conservatively ignores the fact
that actual ground motions only occur for a finite amount of time [Oppenheim, 1992; DeJong,
2009]. One way to implement this type of loading is to tilt the structure, in effect applying both
a horizontal and a vertical acceleration to the structure. Thus, an analysis of a tilting dome
can provide insight into the relative stability of various dome geometries, and can be used to
investigate the change in internal forces as a result of lateral acceleration.
Such equivalent static analyses have been implemented by both Ochsendorf [2002] and De-
Jong [2009] to analyze the stability of different types of vaulted masonry structures. Ochsendorf
[2002] analyzed the masonry arch and the buttressed masonry arch under lateral acceleration,
while DeJong [2009] extended this work to include the buttressed barrel vault with side aisles,
as well as to implement both his and Ochsendorf’s findings within a parametric graphical frame-
work. The graphical approach of DeJong makes the identification of possible collapse mecha-
nisms straightforward, as the position of the thrust line highlights probable hinge locations quite
clearly. This approach is quite powerful, although it is currently limited to two-dimensional prob-
lems. Section 5.2 of this chapter will model the three-dimensional problem of a masonry dome
under lateral acceleration in two dimensions and the results will be verified in section 5.3 using
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scale models.
5.2 Tilt Analysis
It is common practice to simulate earthquake loading by applying a constant horizontal ground
motion that is some fraction of the acceleration due to gravity. This equivalent static loading
does not capture the full dynamic behavior of the structure, but it does allow for a first-order
seismic assessment using simple equilibrium analysis techniques. In this chapter a tilt analysis
will be performed for hemispherical masonry domes.
In a tilt analysis the ground plane of the structure is rotated and by doing so applies both a
horizontal and vertical acceleration to the structure. Figure 5.1a shows a structure tilted by an
angle γ. Globally, there is only a vertical acceleration due to gravity, g. Locally, in the reference
frame of the structure, there is a horizontal acceleration, u¨h, and a vertical acceleration, u¨v. The
local values of acceleration are related to the angle of tilt by the following expressions:
u¨h = gglobal sin γ (5.1)
u¨v = gglobal cos γ (5.2)
It is important to note that the vertical acceleration actually reduces in magnitude as the
horizontal acceleration increases. Thus, tilting is not exactly the same as only applying a
constant horizontal ground acceleration. This would be a problem if the stresses within the
structure were of interest, but the limit analysis assumptions of infinite strength and no sliding
make this a non-issue. This is purely a problem of stability and as such, we are only concerned
with the ratio of horizontal to vertical acceleration, Γ. In the local reference frame this is directly
related to the angle of tilt, γ:
Γ =
u¨h
u¨v
= tan γ (5.3)
u¨h
u¨v
Γg
gg
γ
Global Local
Figure 5.1 – Diagram showing (a) the global reference frame with the tilted structure and (b) the local
reference frame of the structure.
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Figure 5.1b shows the local reference frame of the structure . In this reference frame the
structure experiences a vertical acceleration due to gravity equivalent to u¨v = glocal, and a
constant horizontal acceleration, u¨h = Γglocal = Γ
′, where Γ′ is the horizontal acceleration felt
by the structure. The horizontal acceleration is equivalent to a constant horizontal ground
motion, u¨g. In this way we can begin to replicate an earthquake loading.
For a vertical loading due to gravity, the internal line of forces (the thrust line) is initially
contained within the dome. As the dome is tilted, the internal forces shift to account for the
added horizontal acceleration. Eventually, the thrust line can not be contained within the
thickness of the dome, hinges form, and the dome becomes a mechanism. The critical angle of
tilt, γcrit, gives the minimum value of lateral acceleration to cause the dome to collapse, Γ
′
crit,
providing a measure of the dome’s lateral stability.
5.2.1 Mechanism Analysis
To determine the minimum value of lateral acceleration to cause collapse, it is first necessary
to postulate a failure mechanism. Using a similar simplification to that described in §4.2.1
for a spreading analysis, a spherical dome with a centerline radius, R, thickness, t, and half
angle of embrace, α will be modeled as two opposing lunes of angle, θ. The only loading on
the structure is its own weight. In the spreading analysis the radial symmetry of the structure
combined with the radial symmetry of the loading made the simplification quite straightforward.
In contrast, the loading on the dome due to lateral acceleration lacks radial symmetry. This lack
of symmetry makes postulating a failure mechanism difficult. A number of different mechanisms
were considered before settling on the one described below.
Observations of preliminary tilt tests performed on scale model domes (§5.3) combined with
an unpublished brittle fracture analysis of a dome subject to constant horizontal ground accel-
eration using Sequentially Linear Analysis by DeJong [2009] (Figure 5.3) led to the conclusion
that during a tilt analysis the central cap of the dome will remain intact and will shift such
Figure 5.2 – Sequentially Linear Analysis by DeJong [2009] for hemispherical domes of varying thickness
ratios showing regions of cracking.
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Figure 5.3 – Assumed failure mechanism for a hemispherical dome subject to lateral acceleration.
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START
User defines geometry: α, tR , θ
valid=1
γ ≤ α
valid=0
Update Geometry: γ = γ + ∆γ
Ri ≤ rTL(γ) ≤ Ro
Ri ≤ rTL(α) ≤ Ro
valid = Calculate Thrust Line Solution
Γcrit, γcrit, β1, β2, β3, β4, and β5
END
C1
C2
C3
P1
P2
yes
no
yes
no
yes
no
Figure 5.4 – The algorithm used to determine the critical span increase to cause collapse in the MATLAB
program DomeTilt.
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that the axis of symmetry of the cap is aligned with the direction of the resultant acceleration.
Ochsendorf [2002] describes this same phenomenon for the case of the masonry arch. From
Equation 5.3, the resultant acceleration acts at an angle γ from vertical. Thus the axis of sym-
metry of the central cap will be defined locally by θ = 0, φ = γ for a rotation of γ about the
negative y-axis. Globally, the central cap remains vertical as the dome is tilted. In order to
properly model this shift in two dimensions, two opposing lunes of different size will be analyzed
(Figure 5.3). One lune will be defined by
V = {(r, θ, φ)|Ri ≤ r ≤ Ro,−θ
2
≤ θ ≤ θ
2
,−pi
2
≤ φ ≤ γ} (5.4)
and the other by
V = {(r, θ, φ)|Ri ≤ r ≤ Ro,−θ
2
≤ θ ≤ θ
2
, γ ≤ φ ≤ pi
2
} (5.5)
where both lunes are represented in two dimensions by an arch in the plane, θ = 0, perpendicular
to the axis of tilt. Once this simplification has been made the thrust line of the dome can be
found for a given angle of tilt, γ.
Figure 5.3a shows the minimum state of thrust for two opposing lunes, corresponding to
γ = 0◦. The minimum state of thrust is a stable state of equilibrium with only three unique
hinges: B, C/D, E, where hinge C and D are of the same sign and thus, not unique. As the
dome is tilted, the cap will rotate by an angle γ and the thrust line will shift to accommodate
the added horizontal loading. At the critical angle of tilt a fourth unique hinge will form at
A′, and there exists a unique thrust line defined by the hinges A′,B′,C ′,D′, and E′; located at
angles β1, β2, β3, β4, and β5 from vertical. The five hinges divide the lune-arch into four rigid
segments and form a mechanism similar to a four-bar chain but with a central cap.
To determine the critical angle of tilt and the hinge locations at collapse the program
DomeTilt was created. Figure 5.4 shows a flowchart of the program describing its logic; it
is written in MATLAB and included in Appendix A. First the user inputs the geometry of the
dome to be analyzed by defining the parameters α, t
R
, and θ. For an initial value of tilt, γ = 0,
the program searches for a valid thrust line solution: conditions C1 and C2, and process P2 in
Figure 5.4. If a valid thrust line solution is found, the program will satisfy condition C1 and
proceed to process P1 where the angle of tilt is incremented and the geometry of the structure
is updated. After updating the geometry, the program searches for a valid thrust line solution.
This is repeated until a valid solution can no longer be found because the critical angle has
been exceeded. At this point condition C1 is not met and the program will exit, outputting the
critical angle of tilt, γcrit, the critical lateral acceleration, Γcrit, and the hinge locations, β1, β2,
β3, β4, and β5.
5.2.2 Tilting Limits at Collapse
Hemispherical domes of varying thickness ratios have been analyzed using the program DomeTilt
to determine the critical angle of tilt to cause collapse, γcrit and the corresponding hinge loca-
tions. The domes are analyzed as two opposing θ = 12◦ lunes forming a quasi-two-dimensional
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arch, which is then divided into n = 15 voussoirs. These values are chosen to correspond to
the discretization of the physical scale-model domes that will be tested in §5.3. The results are
shown in Figures 5.5 and 5.6. As expected, at the minimum required thickness ratio, t
R
= 0.045,
the critical angle of tilt is zero because the dome is just stable under its own weight—any further
tilt would cause collapse. Thicker domes have larger angles of tilt, corresponding to a more sta-
ble geometry. As an example, for a hemispherical dome with t
R
= 0.10, the dome is predicted to
fail at an angle of γcrit = 12.7
◦ or an acceleration Γ′crit = 0.23g. Likewise, a hemispherical dome
with t
R
= 0.20 is predicted to fail at an angle of γcrit = 25.8
◦ or an acceleration Γ′crit = 0.48g.
This value is not sensitive to the voussoir discretization, n. The relationship between critical
angle of tilt and thickness ratio can be approximated by the following power equation:
γcrit = −405
(
t
R
)2
+ 260
(
t
R
)
− 9.69 (5.6)
The critical angle of tilt is related to the minimum lateral acceleration to cause collapse, Γcritg,
by the relationship given in equation 5.3. This relationship can be approximated by the following
power equation:
Γcrit = −5.71
(
t
R
)2
+ 4.42
(
t
R
)
− 1.67 (5.7)
In addition to determining the critical angle of tilt, the hinge locations at collapse are also
found using the program DomeTilt. Figure 5.6 plots the hinge locations, β1, β2, β3, β4, and β5
for varying thickness ratios. The hinges locations are constrained to the dashed horizontal lines,
which represent the locations of joints between blocks on the physical models. In all cases hinge
A′ forms at the support such that β1 = −90◦. Additionally, hinges C ′ and D′ form roughly
equidistant from where the two lunes meet at an angle of φ = γcrit. The distance between C
′
and D′ determines the size of the dome’s central cap. Domes with a smaller thickness ratio,
like t
R
= 0.1, form a larger central cap: β3 = −18◦ and β4 = 42◦ for a cap that embraces 60◦.
The larger cap is due to the fact that thinner domes behave more like a membrane than thicker
domes. The location of hinges is related to the minimum thrust hinge locations for an untilted
dome. Globally, as the dome tilts the cap remains vertical and each support is rotated by an
angle γ, thus the thrust line remains constant. For smaller thickness ratios, the dome has not
rotated far enough that hinge E′ will form at the support. Once γcrit is large enough, hinge
E′ will form at the support at an angle of β5 = 90◦. In Figure 5.6 it can be seen that for
hemispherical domes with t
R
≥ 0.12, hinge E′ begins to form at the support.
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Figure 5.5 – Critical acceleration and corresponding angle of tilt from the DomeTilt program for a
hemispherical dome (n = 15, θ = 12◦).
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Figure 5.6 – Critical hinge locations at collapse from the DomeTilt program for a hemispherical dome
(n = 15, θ = 12◦).
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5.3 Experimental Program
This section is focused on an experimental investigation of small-scale model domes under lat-
eral acceleration, which can be simulated with a tilt analysis. As described perviously, two
model hemispherical domes of different thickness ratios are tested. The domes utilize a new
method of model generation discussed in §3.4.1, where small-scale structural models are created
using rapid prototyping technology. The detailed model parameters are outlined in §3.4.1. Each
test was filmed using a high-speed digital video camera permitting careful observation of the
collapse mechanism (§3.4.3). These experiments will be used to evaluate the equilibrium anal-
ysis presented in §5.2 and to obtain a better understanding of the three-dimensional collapse
mechanisms of hemispherical domes.
In order to apply a constant horizontal lateral acceleration to the domes, it was necessary
to create a tilting table. Figure 5.7 shows a schematic of the tilting table. The table consists
of a stiff platform attached to a hinge along one edge of the platform and attached to a motor
along the opposite edge. For all experiments the motor operates at an extremely low speed so
that the table tilts slowly to minimize dynamic effects. A digital protractor is attached to the
table to monitor the angle of tilt. The tilting table used was adapted from a similar piece of
equipment from Dr. Germaine in the department of Civil and Environmental Engineering.
5.3.1 Results
Both Dome 1 and Dome 2 were tilted to collapse four times. All of the experiments were filmed
using a Photron high-speed video camera and the angle of tilt was monitored with a digital
protractor. Failure was defined as an outward rotation of the base blocks about an extrados
γ
structure
motor
digital
 protractor
Figure 5.7 – Schematic of the tilting table used for the tilt analysis.
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hinge at the support. The moment of collapse was determined using video footage to identify
the onset of the rotation just described and then the corresponding critical angle of tilt was
collected. The results are summarized in table 5.1 and the full data can be found in Appendix
B.
Table 5.1 – Summary of Experimental Results for the Dome Tilt Analysis
Thickness Ratio Critical Tilt Angle Critical Acceleration Collapse Hinges
t
R
γcrit Γcrit β1 β2 β3 β4 β5
[◦] [◦] [◦] [◦] [◦] [◦]
Dome 1 0.1 10.1± 0.5 0.18 -90 -66 -30 – 66
Dome 2 0.2 24.8± 0.5 0.46 -90 -54 – – 66
The critical angle of tilt to cause collapse achieved by Dome 1 ranged from 9.5◦ to 10.7◦.
The average critical angle of tilt to cause collapse was 10.1◦ with a standard deviation of 0.5◦.
The critical angle of tilt to cause collapse achieved by Dome 2 ranged from 24.0◦ to 25.2◦. The
average critical angle of tilt to cause collapse was 24.8◦ with a standard deviation of 0.5◦. The
results for both domes are evenly distributed about the mean and are very repeatable.
Collapse was initiated in Dome 1 by the five-hinge mechanism predicted by DomeTilt and
shown diagrammatically in Figure 5.3. The sequence of images in Figure 5.8 shows the progres-
sive collapse of Dome 1. Initially as the dome tilts, it remains intact and retains its hemispherical
shape (a). At the critical angle of tilt, an intrados hinge begins to open between the second and
third row of blocks, hinge B′, due to a rotation outward at the base about an extrados hinge,
A′ (c). This is the first visible sign of failure and it initiates the ensuing failure sequence. Once
segment A′B′ has begun to rotate, the dome flattens as segment B′C ′ rotates downwards. Up
to this point, the portion of the dome from γ ≤ φ ≤ α is still intact (e). Finally, the remaining
portion of the dome, segment D′E′, rotates inward about the intrados hinge E′ (g). Hinge E′
does not form at the support for Dome 1 and there is a small segment of dome remaining be-
tween hinge E′ and the support, the first and second row of blocks. A secondary failure occurs
here because the second row of blocks is not stable and the blocks fall inward leaving only the
first row of blocks standing (i).
Based on the failure sequence described above the dome fails as a four-bar chain where the
hinge locations defining collapse can be determined using the block geometry from Table 5.1
and the video footage. They are listed here: A′ : β1 = −90◦, B′ : β2 = −66◦, C ′ : β3 = −30,
D′ : β4 = −−, and E′ : β1 = 90◦. The failure mechanism described in §5.2 assumes two hinges
C ′ and D′ defining the cap of the dome will form, because these are not alternating hinges they
are not unique and in practice only one hinge will typically form.
Collapse was initiated in Dome 2 by the same five-hinge mechanism, predicted by DomeTilt
and shown in Figure 5.3, as Dome 1. The sequence of images in Figure 5.9 shows the progressive
collapse of Dome 2. Initially as the dome tilts, it remains intact and retains its hemispherical
shape (a). At the critical angle of tilt, an intrados hinge begins to open between the third and
fourth row of blocks, hinge B′, due to a rotation outward at the base about an extrados hinge,
A′ (b). As in Dome 1, this is the first visible sign of failure and it initiates the ensuing failure
sequence, however, from this point forward the failure sequence appears drastically different for
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Figure 5.8 – Still frames of a Dome 1 ( tR = 0.1) tilt analysis failure sequence.
a b c
d e f
g h i
(a) Uncracked dome.
(b) Intrados hinges begin to open between the second third rows of blocks on the right side.
(c) The lower segment of the lune continues to rotate outward as the entire dome slides.
(f–i) Failure progresses.
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Dome 2. Once segment A′B′ has begun to rotate, the entire dome from β2 ≤ φ ≤ 66◦ begins
to slide remaining mostly intact (c). For the sake of comparison, let location of the onset of
sliding be called hinge E′, at β5 = 66◦. As segment A′B′ continues to rotate the dome continues
to both slide and hinge. It appears as though hinge C ′ has formed and segment B′C ′ rotates
downwards as the portion of the dome from γ ≤ φ ≤ 66◦ continues to slide (d). Similar to Dome
1, hinge E′ does not form at the support for Dome 2 and there is a small segment of dome
remaining between hinge E′ and the support, the first and second row of blocks. Finally, once
the majority of the dome has collapsed the second row of blocks is tilted past their friction limit
and the blocks slide inward leaving only the first row of blocks standing (g–i).
Based on the failure sequence described above and the block geometry from Table 5.1 the
only hinge locations that can reasonably be determined are A′ and B′. They are listed here:
A′ : β1 = −90◦ and B′ : β2 = −54◦. If we let the onset of sliding define E′ then β5 = 66◦. Due
to the nature of the potential hinge at B, an extrados hinge which is difficult to see from the
exterior of the dome, and the unique failure mechanism of Dome 2, a hinges at C ′ and D′ are
not identified in the experiment.
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Figure 5.9 – Still frames of a Dome 2 ( tR = 0.2) tilt analysis failure sequence.
a b c
d e f
g h i
(a) Uncracked dome.
(b–d) Intrados hinges begin to open between the second third rows of blocks on the right side.
(e) The lower segment of the lune continues to rotate outward as the dome flattens.
(f) The lower segment on the left side begins to rotate downward.
(g–i) Failure progresses.
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5.3.2 Comparison with Analytical Models
The theoretical approach presented predicts slightly larger support movements than those mea-
sured experimentally though the results agree closely. Figure 5.10 shows the experimental data
plotted over a curve of the predictions from the DomeTilt program. The curve begins with the
minimum possible thickness ratio for a hemispherical dome ( t
R
=0.045) and continues for a range
of t
R
ratios. This is the same curve shown in Figure 5.5. The voussoir size is 12◦ (n = 15) and
θ = 12◦. This level of discretization is chosen based on the stereotomy of the dome and forces
that theoretical hinges will form at the joints between blocks. Table 5.2 summarizes the results
of the experimental tilt analyses and compares them with the equilibrium analysis. Despite the
fact that the approach presented in §5.2 is a two-dimensional simplification of a much more
complex three-dimensional problem, it appears to predict both the critical angle of tilt and the
initial mechanism quite well.
Table 5.2 – Summary of Experimental Results for the Dome Tilt Analysis
Thickness Ratio Critical Tilt Angle Critical Acceleration Collapse Hinges
t
R
γcrit Γcrit β1 β2 β3 β4 β5
[◦] [◦] [◦] [◦] [◦] [◦]
Dome 1 0.10 10.1± 0.5 0.18 -90 -66 30 6 66
DomeTilt 0.10 9.0 0.20 -90 -54 -6 30 78
Dome 2 0.20 24.8± 0.5 0.46 -90 -54 – – 66
DomeTilt 0.20 23.7 0.46 -90 -42 18 42 90
The equilibrium analysis is based on the three key assumptions regarding masonry behavior
used in limit analysis and discussed in detail in §2.2, namely that sliding failures do not occur.
Obviously, this assumption does not hold for Dome 2, where there is significant sliding that
occurs during failure. However, while sliding does occur in the dome, it occurs only after
the onset of failure so that the assumption of no sliding is still a valid assumption to predict
the critical angle of collapse. Thus the quasi-two-dimensional five-hinge collapse mechanism
described in §5.2, Figure 5.3, is a valid predictor of failure. Before collapse, the stereotomy of
the voussoirs is such that sliding is not possible. It is not until after the thrust line forms a
fourth unique hinge at A′ and an outward rotation of the blocks about the support is initiated
that any sliding is observed.
The failure sequence of Dome 2 appears different from Dome 1, however they differ only in
the behavior of segment D′E′. This difference then leads to very different three-dimensional
failure sequences. Segment D′E′ rotates about hinge E′ in Dome 1 while in Dome 2 it slides.
This difference can be explained by examining the stability of each block in segment D′E′
individually for stability. Each block is analyzed individually to determine whether or not it
will overturn or slide. Figure 5.13 shows the results of the analysis, where blocks in segment
D′E′ that are shaded will not be stable on their own and will overturn, and blocks that are
hatched have exceeded their frictional limit and will slide. Studying these results reveals that
the lower most unstable block in each dome will govern the failure mechanism. Thicker domes,
such as Dome 2, are more likely to slide because they achieve far higher angles of tilt than a
thinner dome, increasing the likelihood that blocks have exceeded their frictional limit despite
being stable. It is important to note that this distinction in failure sequence, does not effect the
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failure mechanism. Regardless of whether or not the failure sequence involves sliding, the onset
of failure in both domes is predicted well by the analytical model proposed.
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Figure 5.10 – Critical acceleration and corresponding angle of tilt from the DomeTilt program for a
hemispherical dome (n = 15, θ = 12◦) plotted with the experimental results for Dome 1 ( tR = 0.1) and
Dome 2 ( tR = 0.2).
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Γg
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γ
γ=12.7°
Dʹ=42°
Bʹ=-54°
Aʹ=-90°
Cʹ=-18°
Eʹ=78°
Figure 5.11 – Visual output from DomeTilt program showing critical lateral acceleration to cause
collapse and the corresponding collapse mechanism for a hemispherical dome (n = 15, θ = 12◦, tR = 0.1)
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Figure 5.12 – Visual output from DomeTilt program showing critical lateral acceleration to cause
collapse and the corresponding collapse mechanism for a hemispherical dome (n = 15, θ = 12◦, tR = 0.2)
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Figure 5.13 – Results of a stability analysis for individual blocks in segment D′E′.
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5.3.3 Effective Thickness Modification
The results presented in the previous section are quite good, however this section will implement
the effective thickness modification detailed in §4.3.3 to account for the discrepancy between the
theory and experiments. This modification accounts for the phenomena of corner rounding
that occurs due to normal degradation of the blocks and construction imperfections. Using this
modification the effective thickness of Dome 1 is t80
R
= 0.08 and of Dome 2 is t90
R
= 0.18. Figure
5.14 shows the improved correlation between theory and experiments when the reduced thickness
is accounted for. Using DomeTilt with the effective thickness modification and comparing the
experimental data to these results provides an excellent prediction of the model dome behavior.
DomeTilt predicts that Dome 1 ( t
R
= 0.08) will fail at a critical angle of 9.0◦ with the hinge
locations detailed in Table 5.3. Comparing the experimental data with this new prediction shows
that on average the experimental critical angle of tilt is now 12% above the predicted value and
none of the tests fall below the predicted value. DomeTilt predicts that Dome 2 ( t
R
= 0.18) will
fail at a critical angle of 23.7◦ with the hinge locations detailed in Table 5.3. On average the
experimental critical angle of tilt is now 5% above the predicted value and none of the tests fall
below the predicted value. Thus by accounting for corner rounding the critical angle predicted
is both more accurate and more conservative.
Table 5.3 – Summary of Experimental Results for the Dome Tilt Analysis
Thickness Ratio Critical Tilt Angle Critical Acceleration Collapse Hinges
t
R
γcrit Γcrit β1 β2 β3 β4 β5
[◦] [◦] [◦] [◦] [◦] [◦]
Dome 1 0.10 10.1± 0.5 0.18 -90 -66 30 6 66
DomeTilt 0.10 9.0 0.20 -90 -54 -18 30 78
Dome 2 0.20 24.8± 0.5 0.46 -90 -54 – – 66
DomeTilt 0.20 23.7 0.46 -90 -42 6 42 90
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Figure 5.14 – Critical acceleration and corresponding angle of tilt from the DomeTilt program for
a hemispherical dome (n = 15, θ = 12◦) plotted with the adjusted experimental results for Dome 1
( tR = 0.09) and Dome 2 (
t
R = 0.18).
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5.4 Summary
This chapter has identified the governing collapse mechanism for a hemispherical masonry dome
and illustrated the effect of varying thickness ratios on the resistance to lateral acceleration.
This is particularly important as it is the first time that any type of collapse analysis of masonry
domes under lateral acceleration has been conducted, both analytically and experimentally.
Through this investigation, the following conclusions are drawn:
• The nature of the collapse mechanism means that a quasi-two-dimensional tilt analysis of
a dome is an appropriate analysis method for examining the stability of domes.
• The postulated failure mechanism provides an accurate representation of collapse.
• The program DomeTilt is able to accurately predict both critical angle of tilt, γcrit, and
hinge locations, φA, φB1, φB2, φC , and φD.
• The critical value of lateral acceleration increases with an increase in thickness ratio.
• The effective thickness modification provides a greatly improved correlation between theory
and experiments.
• The use of small-scale model for structural testing is an effective method to analyze complex
structures.
• In both cases, the experiments confirm that the two-dimensional simplifications presented
in this dissertation are justified and correctly predict the final collapse mechanism.
• Actual domes may collapse at slightly lower tilt angles than expected due to imperfections
or to material crushing.
• Thrust line results are both qualitative and visual, providing insight into failure mecha-
nisms and overall structural behavior.
• These experiments demonstrate that masonry domes have high lateral stability and can
withstand significant horizontal accelerations.
• Only hemispherical domes of constant thickness have been considered here, but the ap-
proach can be expanded to include domes of any geometry.
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Chapter 6
Case Study: The Roman Pantheon
The Pantheon in Rome, Italy is one of the most iconic domes in the world. It has captured the
attention of architects and engineers alike. Constructed during the reign of Emperor Hadrien
in the early part of the second century (AD 118–128), it is one of the best preserved Imperial
Roman buildings. For more than thirteen centuries, it was the largest dome in the world with
a clear span of 43.3 meters [Lancaster, 2005]. While domed structures were not uncommon
prior to the Pantheon, none of them came close to its scale. The first monumental dome was
the “Temple of Mercury” at Baiae (B.C. late first century) with a clear span of 21.6 meters
[Lancaster, 2005]. The awesome scale of the Pantheon was nearly double its predecessors and it
remained unmatched for well over a millennium. It was not substantially surpassed until the use
of modern building materials, like steel and reinforced concrete, became more prevalent around
the end of the nineteenth century.
Due to its impressive history, the Pantheon is widely considered an engineering master-
piece, and as such has been the subject of many structural analyses [Terenzio, 1934; Mark and
Hutchinson, 1986; Lancaster, 2005]. This chapter adds yet another analysis to the collection.
All previous studies of the Pantheon focus on determining a lower bound, safe solution for the
Pantheon, while the analysis that follows will define the collapse mechanism of the Pantheon
as well as an upper bound limit governing its stability. Lancaster tests the relative effects of
the use of step-rings and the use of lightweight caementa on the stability of the dome. Using
limit analysis techniques (§2.2) she is able to demonstrate that both the use of step-rings and
the use of lightweight caementa contribute to increased stability of the dome. This analysis
builds on that of Lancaster [2005], using the established stability of the undeformed structure to
perform a spreading analysis of the Pantheon structure using a modified version of the Dome-
Spread program described in §4.2. The geometry and material properties used for the Pantheon
in this chapter are based on those used by Lancaster [2005]1. Additionally, most studies of
the Pantheon make claims regarding its safety based on the perfect, undeformed geometry of
the structure, like Mark and Hutchinson [1986]. This study will demonstrate the safety of the
Pantheon in its current, deformed state.
1The author is extremely grateful to Lynne Lancaster for sharing her computer model of the Pantheon, which the
simplified model used in this chapter is based on.
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6.1 Simplified Pantheon Model for Analysis
The Pantheon is a large, circular rotunda with a portico. For the purposes of this analysis the
portico and rotunda will be assumed to function as two separate structures. Investigations of
the existing structure show that where the two parts meet there is a distinct joint, making this
a safe assumption [De Fine Licht, 1968]. The rotunda itself consists of a coffered, concrete,
hemispherical dome with a central oculus supported by a cylindrical concrete wall, where the
radius of the dome is equal to the height of the cylinder.
In order to simplify the analysis, a typical lune is specified, based on Lancaster’s model.
The approximately 6 meters thick, cylindrical wall of the rotunda has so many openings (statue
bays, passageways, and other voids) that no typical section exists; though the wall can be
roughly approximated as eight massive piers. This is sufficient considering our primary concern
is the stability of the dome. It is assumed that the primary relieving arches/ribs within the
upper portion of the cylindrical wall effectively transfer the load from the dome to the piers.
Therefore, the typical lune is a 45◦ wedge of the dome supported by one pier (inset Figure
6.1). An outline of the typical lune and pier are shown on the left side of Figure 6.1, while the
simplified model used for analysis is shown on the right side. The 1.5 meters thick dome and
step-rings are approximated by a series of seventeen blocks with the same inner radius and an
outer radius chosen to best represent a typical section of the dome. The coffering of the dome
is assumed to change the volume of the structure only nominally, and as such is neglected in
this analysis. Finally based on the distribution of materials throughout the structure of the
rotunda, a dome of two different densities is considered. The majority of the section has a
density ρ2 = 1600
kg
m3
, while the upper portion of the dome is made of lightweight caementa with
a density ρ1 = 1350
kg
m3
[Lancaster, 2005].
As mentioned in chapter 4, in its current configuration, the Pantheon has significant merid-
ional cracking around the base of the dome (Figure 4.1) and the crown of the dome has descended
by 0.56 meters [Grasshoff et al., 2009]. These cracks were discovered by Albert Terenzio, then
Superintendent of the Monuments of Latium, and published in a 1934 report [Terenzio, 1934].
Minor spalling prompted a systematic inspection of the dome, which revealed the pattern of
meridional cracks shown in Figure 4.1. Terenzio inferred the cracking occurred soon after con-
struction, based on the Hadrianic brick stamps that bricks used for early crack repairs bore
[Mark and Hutchinson, 1986; Lancaster, 2005]. There are twelve major cracks in the lower por-
tion of the dome, and they extend up the dome an average of approximately fifty-seven degrees
above the springing [Mark and Hutchinson, 1986]. Such cracks can be disconcerting and lead to
a number of interesting questions regarding the structural stability of the Pantheon.
• Are these cracks cause for concern?
• Are they consistent with what we would expect?
• What can they tell us about the current state of the structure?
• What are the stability limits of the structure?
The following analysis will attempt to answer these questions.
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ρ2
ρ1
45°
Figure 6.1 – A typical cross section of the Pantheon (left) from Lancaster [2005] and the simplified
model used for analysis (right). The inset shows the 45◦ lune and the footprint of the pier.
Figure 6.2 – A study of the Roman Pantheon by Terenzio [Terenzio, 1934] documented a series of
meridional cracks that exist around the base of the Pantheon.
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6.2 The Pantheon on Spreading Supports
As described in §4, buttressing walls may lean outward over time, potentially destabilizing the
dome. In order to model this, an analysis of the Pantheon structure was carried out using a
modified version of the DomeSpread program described in §4.2, tailored to the specific geometry
and material properties of the Pantheon described in the previous section. Using this program,
the critical angle of lean to cause collapse, ξcrit, and the corresponding span increase and dip
in the crown are found. The program starts from a known equilibrium state, in this case the
minimum thrust state of the lune without any lean, ξ = 0, where the angle of lean is related
to the height of the support structure and the amount of spread by ξ = xcrit/h. The minimum
thrust state of the structure is shown in Figure 6.4, where it can be seen that there is an extrados
hinge at an angle of 32.5◦ from vertical and an intrados hinge at an angle of 62.7◦ from vertical.
Once a valid minimum thrust state and hinges are found for the dome, the supporting pier is
rotated by a small increment outward about its inner corner and the geometry of the structure is
updated. A valid thrust line is found for the structure and the rotation of the pier is incremented
again. The pier will continue to rotate until a valid thrust line solution can no longer be found
because the critical angle of lean to cause collapse has been exceeded and the structure is no
longer stable. At this point the program will exit and output key geometric parameters.
At any point in this process we can compare the relative stability of two different configura-
tions of the structure. The method for comparison used in this analysis is a formula proposed
by W.J. Rankine [1858] for determining safety factors for masonry buttresses and used by [Lan-
caster, 2005] to compare various assumptions regarding the construction of the Pantheon. The
Rankine factor is determined by dividing the width of the support, here 6 meters, by twice the
distance of the thrust line from the centerline of the pier (Figure 6.3). This metric was devel-
oped in the context of assuming a linear elastic stress distribution for masonry. A factor of 3
or higher ensures that there is no tension in the section, while a factor of 1 indicates the point
of instability of the pier. In the context of this analysis, the Rankine factor will not be used
to determine absolute stability of the structure but rather to compare the relative stability of
two different configurations of the structure. The Rankine factor corresponding to the minimum
state of thrust is 7.2, such a high value indicates that in its initial configuration the Pantheon is
quite stable. This is significantly higher than the value of 4.23 found by Lancaster [2005], likely
due to the more precise nature of the numerical calculations of the DomeSpread program versus
Lancaster’s graphical calculations.
Figure 6.5 shows the Pantheon at the critical angle of lean to cause collapse, ξcrit = 6.0
◦.
In this configuration the structure is on the verge of collapse, indicated by the Rankine factor
of 1.0. As illustrated in Figure 6.5, an angle of lean of 6.0◦ is quite severe and results in large
deformations. The corresponding span increase to cause collapse is 4.43 meters or 10.2% of the
clear span of the dome. This amount of spreading leads to a dip in the crown equal to 3.51
meters or 16.1% of the height of the dome. As derived in §4.3.4, there is a simple relationship
between the width of cracking expected around the base of the dome and the distance the dome’s
supports have spread:
wcr = 2pix (6.1)
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Figure 6.3 – Definition of the Rankine Factor for an abutment from Lancaster [2005].
45°
F F
Figure 6.4 – Minimum state of thrust for the Pantheon model.
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This relationship leads to an expected width of cracking equal to 13.9 meters when the structure
is at the critical angle of lean. If we assume there are fourteen cracks around the base of the
dome, as in Figure 6.2, each crack would be 1.0 meters wide.
In addition to determining the critical state of the Pantheon, it was also evaluated at an
intermediate state meant to be representative of the current state of the Pantheon. As mentioned
previously, a recent laser scan of the Pantheon revealed that the crown of the dome has descended
by 0.56 meters [Grasshoff et al., 2009]. Based on these findings, the model Pantheon is taken
to an angle of lean corresponding to a dip in the crown equal to 0.56 meters. Figure 6.7 shows
the Pantheon at this angle of lean, ξ = 1.3◦. The corresponding span increase to cause collapse
is 0.99 meters or 2.3% of the clear span of the dome. In this configuration the structure has
a Rankine factor of 3.2. Again, the span increase is used to determine the expected width of
cracking, which is 3.10 meters, or fourteen 0.22 meters wide cracks. Figure 6.6 shows a man
standing next to one of the cracks at the base of the Pantheon [Belardi, 2006]. From this image
it appears that the width of cracking is about equal to the width of a person, which is roughly
0.20–0.30 meters. Thus the width of cracking predicted correlates to the current state of the
cracks. Table 6.1 summarizes these results.
Table 6.1 – Summary of Results for the Pantheon on Spreading Supports
Lean Span Increase Dip in Crown Rankine Factor Width of Cracking Thrust
ξ 2x 2x/L z z/Ri wcr
wcr
14
∗ H H
W
∗∗
[◦] [m] [%] [m] [%] [–] [m] [m/crack] [MN] [–]
0.00 0.00 0.0 0.00 0.0 7.2 0.00 0.00 1.84 0.05
1.3 0.99 2.3 0.56 2.6 3.2 3.10 0.22 2.00 0.06
6.0 4.43 10.2 3.51 16.1 1.0 13.9 0.99 4.39 0.13
* Assuming 14 cracks around the base of the dome.
** Where W is the weight of one eighth of the Pantheon, 33.8 MN.
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Figure 6.5 – Critical angle of lean to cause collapse, ξcrit = 6.0
◦ for the Pantheon model.
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Figure 6.6 – Man standing next to one of the cracks at the base of the Pantheon [Belardi, 2006].
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Figure 6.7 – Intermediate angle of lean, ξcrit = 1.3
◦, which results in a dip in the crown of 0.56 meters
for the Pantheon model.
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6.3 Conclusions
There are a number of important conclusions that can be drawn from this case study. Namely,
that the formation of meridional cracks of the size documented around the base of a dome is
not a surprising phenomenon. Numerous scholars have demonstrated the shift from compressive
hoop forces at the crown of a dome to tensile hoop forces around the base that often leads to
meridional cracking. The calculation of a minimum state of thrust for the dome in its “perfect”
configuration demonstrates that even with slight cracking and the inability to transfer tensile
hoops stresses, the Pantheon is in a stable state of equilibrium. It also demonstrates that the size
of the documented cracks (extending 57◦ from the springing) correspond well to the location
of the extrados hinge (φ = 32.5◦ or 57.5◦ from the springing). Additionally, this study has
demonstrated for the first time, the limits of collapse of the Pantheon. It has been shown that
the Pantheon can withstand quite severe deformations as a result of large support movements
before becoming unstable.
While these are important results that demonstrate the surprising capacity for deformation of
masonry domes, there is perhaps a more important conclusion to be drawn from this study: the
current amount of deformation and the width of cracking around the base of the Pantheon is not
cause for concern. All previous studies of the Pantheon have analyzed the original, undeformed
geometry of the dome, and have not considered the deformed, cracked dome. However, as seen
in Figure 6.2, it contains a series of fairly large cracks. Figure 6.6 shows a man standing next to
one of the cracks. The image by Terenzio lacks a certain human connection, his image does not
provide nearly the same sense of scale that the image by Belardi provides. The Belardi image
leaves a certain uncertainty in your mind regarding the stability of the dome, even though the
structure has survived for nearly two thousand years in such a state. The modified DomeSpread
program provided new insight into the current state of the Pantheon by allowing the analysis of
intermediate states of deformation between the “perfect” and the collapse state. This allowed
current data regarding the existing state of the Pantheon to help determine a probable “current”
state of deformation for the structure, ξ = 1.33◦. The results of this intermediate analysis,
summarized in Table 6.1, match both the amount of dip in the crown and the width of cracking
quite well. Thus we can say that the current state of the Pantheon has a Rankine factor of 3.2,
which corresponds to a very stable structure.
As was mentioned in §4.1, deformation in domes is often attributed to displacements of the
supporting structure or differential foundation settlements. There are are two important things
to note regarding these phenomena. First, this is an idealized model, which assumes all ground
movement results in a radially symmetric outward lean of the supports. This is obviously not the
case, as is evidenced by the non-symmetric deformations documented by the Pantheon Project
[Grasshoff et al., 2009]. Despite this fact, the idealization appears to be provide good results.
Second, this study proclaims that the current state of the Pantheon is a stable one, however it
does speak to the continued stability of the structure. To make any claims about the continued
stability of the structure further analysis would need to be conducted regarding the soil stability
surrounding the structure and the rate of change in the lean of the supports.
The primary contributions of this chapter are the following:
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• This study reconfirms the result by Lancaster [2005] demonstrating the safety of the un-
deformed Pantheon, although with a higher Rankine Factor of 7.2.
• This study is able to accurately match the current laser-scan geometry of the Pantheon,
demonstrating its safety with a Rankine Factor of 3.2.
• For collapse to occur, the supports would need to achieve an extreme value of lean (ξ =
6.0◦), resulting in severe deformation.
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Part III
Collapse Analysis of Curving
Masonry Walls
115

Chapter 7
Curving Masonry Walls under
Lateral Acceleration
7.1 Introduction
Chapter 7 explores the structural integrity of a different structural form: the curving masonry
wall. This research is inspired by an historic structure: Thomas Jefferson’s serpentine walls at
the University of Virginia (Figure 7.1). They are the classic example of a curving masonry wall.
This type of wall is not very common in the United States, but can be found in England and
the Netherlands. These walls are of particular interest because their history, construction, and
structural form are virtually unstudied. Figure 7.1 highlights the fact that these walls are often
quite thin relative to their height and span, implying their geometry gives them added stability.
The relationship between curvature and stability is an often mentioned qualitative phenomenon,
but it has yet to be quantified in any meaningful way for curving walls.
The approach taken in this chapter is the same as the one taken in chapters 3–5 for the
masonry dome. A combination of equilibrium analysis and experiments will be used to explore
the stability of curving masonry walls and draw meaningful conclusions about these structures.
This two-fold approach allows both aspects to inform each other, something that is particularly
important for such an unexplored problem. This chapter will study walls with varying degrees
of curvature to understand quantitatively the role that curvature plays in the overall lateral
stability of the structure. Section 7.3 introduces the concept of the kern and its relevance to
the subsequent sections. Section 7.4 of this chapter will model the problem of a curving masonry
wall subject to constant lateral acceleration using equilibrium methods. Section 7.5 presents the
results of experimental tests on curving masonry walls for both a full-scale wall and a small-
scale model. Finally the results are summarized and important conclusions are made about the
relationship between curvature and stability and how this might be exploited in the future for
structural design.
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Figure 7.1 – Thomas Jefferson’s serpentine walls at the University of Virginia
7.2 Geometry
This section will establish the geometry of the curving wall and define certain geometric prop-
erties of the wall that will be used throughout Part III. It will be most convenient to work
in cylindrical coordinates given that the walls being studied are cylindrical panels, defined by
a centerline radius, R, an azimuthal angle of embrace, θ, equal to, 2α, a thickness, t, and a
height, h (Figure 7.2). These four parameters uniquely describe a cylindrical curving wall. The
thickness and centerline radius of the wall can be combined into a dimensionless quantity known
as the thickness ratio, t
R
. From these parameters we define the interior and exterior radius of
the wall, Ri and Ro respectively, as:
Ri = R− t
2
(7.1)
Ro = R+
t
2
(7.2)
Additionally we can define the horizontal distance that the wall spans, L, using the centerline
radius of the wall
L = 2R sinα (7.3)
and the effective depth of the wall, b, using the interior and exterior radius of the wall
b = Ro −Ri cosα (7.4)
Thus the volume of a typical wall can be defined by the following domain:
Vwall = {(r, θ, z) | Ri ≤ r ≤ Ro, pi
2
− α ≤ θ ≤ pi
2
+ α, 0 ≤ z ≤ h} (7.5)
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t
x
y
α
b
L
R
h
Figure 7.2 – Geometric parameters for a curving masonry wall
The weight of the wall, W , assumed to act at its centroid, is found by multiplying the volume
integral by specific weight and integrating over the domain defined above, which yields:
W = ρghα(R2o −R2i ) = 2ρghαRt (7.6)
The coordinates of the centroid of the wall are defined by the following expressions:
x¯ = 0 (7.7)
y¯ =
2 sinα
3α
(
R3o −R3i
R2o −R2i
)
=
sinα
α
(
R+
t2
12R
)
(7.8)
z¯ =
h
2
(7.9)
The preceding geometric parameters will be used throughout Chapter 7.
7.3 The Kern of a Curving Wall
A point load applied to a section may cause either tensile or compressive stresses to develop
depending on the eccentricity of the load from the centroid, and the direction of the load. There
is a special region of the section, known as the kern, for which a point load applied in this region
will produce stresses of the same sign as the point load throughout the entire section [Mofid
and Yavari, 2000]. Applying a point load outside of the kern produces stresses of an opposite
sign. Thus, a compressive point load acting in the kern will result in the entire section being
in compression. The concept of a kern is rather old, first introduced by the French engineer M.
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Bresse in 1854 [Kurrer, 2008] within the scope of his elastic arch theory. It is widely used in
the design of prestressed concrete beams and footings, as well as straight retaining walls. This
section will discuss the relevance of the kern to determining the stability of a curving masonry
wall under lateral acceleration, followed by a derivation of the kern for the section of a curving
masonry wall.
If the typical assumptions regarding the behavior of masonry are assumed to hold true for the
curving masonry wall(§2.1), then masonry has no tensile strength and can not support tensile
stresses. Thus the kern of the wall section can be used to draw conclusions about the stresses
in the wall. Given a prescribed loading for the wall, if the resultant force at a specific section
of the wall is both compressive and located within the kern, there is no tension in the wall at
that section. This is a convenient way to determine the nature of the stress in the wall (tensile
or compressive) and ultimately what magnitude and type of loading can be withstood.
There is no general analytical method for determining the kern of a section. Thus the basic
formulation for the kern of a general cross section is presented along with a summary of a
selection of theorems derived by Mofid and Yavari [2000]. This framework will then be used to
derive the kern for the section of a curving masonry wall.
Consider the general cross section shown in Figure 7.3. The domain and boundary of the
cross section are denoted by Ω and χ, respectively. A compressive point load, F , applied at
point a(u, v), where u and v are the eccentricities of the point load from the principle axes, x
y
x
a (u,v)
b (x,y)
Ω
χ
Ω*
χ*
Figure 7.3 – General section and its principle axes
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and y, and the origin is the centroid of the section, results in a stress at point b(x, y) of
σ(x, y) = −F
A
+
Mxy
Ix
− Myx
Iy
(7.10)
where A, Ix, and Iy are common section properties. Mx and My are the bending moments about
each axis due to eccentricity, (u, v), of the point load at a. They are defined as follows:
Mx = −Pv (7.11)
My = Pu (7.12)
Combining these we obtain the stress at point b due to a loading at a:
σ(x, y) = −F
A
(
1 +
vy
r2x
+
ux
r2y
)
(7.13)
From this equation we see that the sign of the stress, σ(x, y), is purely a function of geometry,
where rx and ry are the radii of gyration of the section about the x and y axes respectively.
If point a is to belong to the kern, then σ(x, y) ≤ 0 must be true over the entire domain Ω
to ensure that the entire section is in compression. Thus, the kern can be defined formally as
follows: (
1 +
vy
r2x
+
ux
r2y
)
≥ 0 ∀(x, y) ∈ Ω, (u, v) ∈ Ω∗ (7.14)
where the kern domain and boundary are denoted by Ω∗ and χ∗, respectively.
In addition to the formal definition of the kern, the following three theorems are summarized
from Mofid and Yavari [2000]:
Theorem 1. The kern of a non-convex section with domain Ω will be the same as the kern
of the smallest convex region that includes Ω: Ω′. The domain Ω′ is the convex hulls of Ω,
Ω′ = CH(Ω). The added area is virtual and the section properties remain unchanged.
Theorem 2. Point b belongs to the boundary of the kern, χ∗, if the stress at b is always zero
due to a point load applied anywhere on the boundary of the section, χ.
Theorem 3. A vertex of the section boundary, χ, maps to a line segment of the kern boundary,
χ∗. As a corollary: a line segment of the section boundary, χ, maps to a vertex of the kern
boundary, χ∗.
A section of the curving masonry wall is considered. Figure 7.4 shows the section boundary
and the kern boundary for a section from a curving masonry wall. From Theorem 2, we can
determine the boundary of the kern if we know the boundary of the section. The section
boundary of a curving masonry wall, χ, is defined as follows:
χ =

`1 : y − x cotα = 0 Ri sinα ≤ x ≤ Ro sinα
`2 : y + x tanα =
Ro
cosα
tangent at x = Ro sinα
f3 : x
2 + y2 = R2o −Ro sinα ≤ x ≤ Ro sinα
`4 : y − x tanα = Rocosα tangent at x = −Ro sinα
`5 : y + x cotα = 0 −Ro sinα ≤ x ≤ −Ri sinα
f6 : x
2 + y2 = R2i −Ri sinα ≤ x ≤ Ri sinα
(7.15)
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x
y
P1
P2
P6
P5
P4
E3
f 6
f 3
l2l4
l5 l1l´6
Figure 7.4 – Cross section of a curving wall showing the kern boundary χ∗, derived from χ′, the convex
hulls of the section boundary χ.
The domain of this section is concave, thus we will analyze the convex hulls of this domain to
determine the kern (Theorem 1). The convex hulls of Ω is defined by the domain Ω′, and the
boundary of this domain, χ′, is defined as follows:
χ′ =

`1 : y − x cotα = 0 Ri sinα ≤ x ≤ Ro sinα
`2 : y + x tanα =
Ro
cosα
tangent at x = Ro sinα
f3 : x
2 + y2 = R2o −Ro sinα ≤ x ≤ Ro sinα
`4 : y − x tanα = Rocosα tangent at x = −Ro sinα
`5 : y + x cotα = 0 −Ro sinα ≤ x ≤ −Ri sinα
`6 : y = Ri cosα −Ri sinα ≤ x ≤ Ri sinα
(7.16)
In the χ′ boundary the curve f6 is replaced by the line `6 to create a convex boundary.
Using the constraint formulated in equation 7.14 and the boundary χ′, the kern boundary,
χ∗ can be determined. The summary of this result is provided. The mapping of the segment
boundary to the kern boundary is shown below. It can be seen that lines in the χ space, denoted
by `, map to points in the χ∗ space, denoted by P , following Theorem 3. In the specific case of
the curving wall the curved portion of the boundary segment, f3, maps to a portion of an ellipse
on the kern boundary, denoted by E3.
χ′ χ∗
`1 7→ P1
`2 7→ P2
f3 7→ E3
`4 7→ P4
`5 7→ P5
`6 7→ P6
(7.17)
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The kern boundary, χ∗, is defined as follows:
χ∗ =

P1 : (− r
2
y cotα
y¯
, r
2
x
y¯
+ y¯)
P2 : (− r
2
y tanα
Ro
cosα−y¯
,− r2xRo
cosα−y¯
+ y¯)
E3 :
x
c21
+ (y−y¯+c3)
2
c22
= 1 P2 → P4
P4 : (
r2y tanα
Ro
cosα−y¯
,− r2xRo
cosα−y¯
+ y¯)
P5 : (
r2y cotα
y¯
, r
2
x
y¯
+ y¯)
P6 : (0 ,− r
2
x
Ri cosα−y¯ + y¯)
(7.18)
where c1, c2,and c3 are constants defined as:
c21 =
I2y
A2 (R2o − y¯2)
(7.19)
c22 =
I2xR
2
o
A2 (R2o − y¯2)2
(7.20)
c3 =
Ixy¯
A (R2o − y¯2)
(7.21)
Along the axis of symmetry of the wall, x = 0, the y-limits of the kern are[
− r
2
x
Ro − y¯ + y¯,−
r2x
Ri cosα− y¯ + y¯
]
(7.22)
The definition of the kern for a general arch cross section is a new result. This result will be
used in §7.4.1 to explore the stability of a curving masonry wall under lateral acceleration.
7.4 Tilt Analysis
The same analysis method used in Chapter 5 to explore the lateral stability of masonry domes,
a tilt analysis, will be used in this chapter to analyze curving masonry walls. The motivations
for using this type of analysis for the curving masonry wall are slightly different than for the
masonry dome. In this chapter the goal of the tilt analysis is not to conduct a first-order
earthquake analysis, it is simply to have some means of quantifying lateral stability.
In a tilt analysis the ground plane of the structure is rotated and by doing so applies both a
horizontal and vertical acceleration to the structure. Figure 7.5a shows a structure tilted by an
angle γ. Globally, there is only a vertical acceleration due to gravity, g. Locally, in the reference
frame of the structure, there is a horizontal acceleration, u¨h, and a vertical acceleration, u¨v. The
local values of acceleration are related to the angle of tilt by the following expressions:
u¨h = gglobal sin γ (7.23)
u¨v = gglobal cos γ (7.24)
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u¨h
u¨v
Γg
gg
Global Local
γ
y
z
y
z
γTv Tv
Figure 7.5 – Diagram showing (a) the global reference frame with the tilted structure and (b) the local
reference frame of the structure.
It is important to note that the vertical acceleration actually reduces in magnitude as the
horizontal acceleration increases. Thus, tilting is not exactly the same as only applying a
constant horizontal ground acceleration. This would be a problem if the stresses within the
structure were of interest, but the limit analysis assumptions of infinite strength and no sliding
make this a non-issue. This is purely a problem of stability and as such, we are only concerned
with the ratio of horizontal to vertical acceleration, Γ. In the local reference frame this is directly
related to the angle of tilt, γ:
Γ =
u¨h
u¨v
= tan γ (7.25)
Figure 7.5b shows the local reference frame of the structure . In this reference frame the
structure experiences a vertical acceleration due to gravity equivalent to u¨v = glocal, and a
constant horizontal acceleration, u¨h = Γglocal = Γ
′, where Γ′ is the horizontal acceleration felt
by the structure. The stability of the wall is then a problem of simple statics: the overturning
moment produced by the horizontal acceleration, Γ′ = Γg, must be equilibrated by the weight
of the wall, W .
7.4.1 Failure Modes
To determine the minimum value of lateral acceleration to cause collapse of a curving masonry
wall, it is necessary to consider the internal forces within the wall as it tilts. Initially, the
wall experiences no horizontal acceleration. For a purely vertical loading due to gravity, the
internal line of forces (the thrust line) is vertical and passing through the centroid of the curving
masonry wall. This line does not lie within the thickness of the structure, but it does lie within
the effective depth of the structure, b. Figure 7.6a shows the thrust line for a curving masonry
wall at γ = 0◦, where there is only a vertical acceleration due to gravity. As the curving wall is
tilted, the internal forces shift to account for the added horizontal acceleration and the resultant
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force at the base shifts as well. At a certain angle of tilt, γ = γkern, the resultant has just
reached the edge of the kern (Figure 7.6c). At this point the entire thrust line remains within
the kern and the entire wall remains in compression. As the wall continues to tilt, γ will exceed
this value, γ > γkern, and the thrust line will begin to pass outside the kern of the wall near
the base. This corresponds to a continued shift of the resultant force at the base away from
the centroid. Eventually the wall will reach an angle of tilt where the resultant force lies at
the edge of the effective depth of the wall, γ = γov. At this point the thrust line can no longer
be contained within the effective depth of the wall and the wall is on the verge of overturning
(Figure 7.6e).
Engineers often assume that walls are monolithic, with the entire mass of the wall resisting
the overturning moment produced by the horizontal acceleration. In this case, the critical angle
of tilt to cause collapse will be γcrit = γov. However, masonry walls are typically an assemblage of
bricks or stones laid in horizontal courses. If we keep in mind the typical assumptions regarding
the behavior of masonry (§2.1), namely that masonry has no tensile strength and can not support
tensile stresses, we would expect that any amount of tension will cause the bricks to separate and
the wall to fail. Thus the critical angle of tilt to cause collapse will be γcrit = γkern. In practice,
the actual critical angle of tilt will fall somewhere between these two extremes. Heyman [1992];
Ochsendorf and Lorenzis [2008] have shown in their work on walls and buttresses, that at the
critical collapse limit a fracture surface will form and the bricks that fall below this surface will
not contribute to the stability of the wall. This region is ineffective in resisting overturning and
thus the critical angle of tilt to cause collapse will be γkern ≤ γcrit ≤ γov.
Although failure due to opening, discussed above, will determine the critical angle to cause
collapse for most curving masonry walls, failure by sliding must also be considered. Due to the
nature of the loading, sliding will be equally likely to occur at any height along the wall if the
horizontal acceleration creates a force large enough to overcome friction. Thus when determining
the critical value of lateral acceleration to cause collapse of a curving masonry wall, the expected
solution is bounded by the following three failure modes described above: first tension, γkern,
monolithic overturning, γov, and sliding, γsl.
7.4.2 Framing the Problem with the Principle of Virtual Work
Using the principle of virtual work, we can determine the angle of overturning of the curving
wall. We start with the relation between the total potential energy of the body, Π, which is
equal to the difference between the internal strain energy, U , and the work of external forces,
W .
Π = U −W (7.26)
Where the internal strain energy, U , is:
U =
∫
V
1
2
σijijdV +
∫
V
(ρg)uvdV (7.27)
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γ = 0° 0° < γ < γkern γkern < γ < γovγ = γkern γ = γov
γ = 0° 0° < γ < γkern γkern < γ < γovγ = γkern γ = γov
(a) (b) (c) (d) (e)
Figure 7.6 – Plan and section views of the curving wall as it passes through a range of γ values with
the thrust line shown dashed.
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and the work of external forces, W , is:
W =
∫
S
TiuidS (7.28)
Using the same material assumptions specified in §2.1, namely that masonry is a rigid material,
we require that the internal strain energy due to material deformations is zero:
1
2
σijij ≡ 0 (7.29)
In order to enforce equilibrium, we require that the first variation of potential energy is zero:
δΠ = 0 (7.30)
where
δΠ = δU − δV (7.31)
δΠ = ρg
∫
V
δuvdV −
∫
S
δTiui + TiδuidS (7.32)
This is the basic formulation for equilibrium of any rigid body. We will now specify the
equilibrium condition for a curving wall being tilted by an angle, γ, about y = ∆y and held in
place by a force Tv at r = ∆y, θ =
pi
2
, z = 0.
(Tvδuv)r=∆y,θ=pi2 ,z=0 = ρg
∫
V
δuvdV (7.33)
Referring to Figure 7.5, the vertical displacement can be expressed as follows:
uv = (r sin θ −∆y) sin γ + z cos γ (7.34)
the first variation of this is:
δuv = ((r sin θ −∆y) cos γ − z sin γ)δγ (7.35)
evaluated at r = ∆y, θ = pi
2
, z = 0 yields:
(δuv)r=∆y,θ=pi2 ,z=0 = 0 (7.36)
Rewriting equation 7.33 we get:∫∫∫
V
((r2 sin θ − rRi cosα) cos γ − rz sin γ)dzdrdθ = 0 (7.37)
Where the limits on dV are:
{r|Ri ≤ r ≤ Ro} (7.38)
{θ|pi
2
− α ≤ θ ≤ pi
2
+ α} (7.39)
{z|0 ≤ z ≤ h} (7.40)
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Thus the final condition we must satisfy is:
tan γ =
2
h
(y¯ −∆y) (7.41)
where y¯ is defined in §7.2.
Thus the angle of tilt of the different failure modes described in §7.4.1 can be found using
the principle of virtual work to derive the equilibrium condition. This is an important result
because the extremely general formation of the principle of virtual work can be tailored to
whatever geometry and loading is being analyzed. This approach was initially undertaken in
an attempt to quantify stability using the second variation of potential energy, however due to
the constraints imposed by modeling a rigid material the second variation does not provide a
meaningful result.
7.4.3 Tilting Limits at Collapse
In this section the exact solutions for the angle of tilt of the different failure modes described in
§7.4.1 is derived again for a general wall geometry using standard equilibrium equations. The
two approaches achieve the same result. For any angle of tilt, the line of thrust within the wall
can be defined as:
yTL(z) = y¯ − 1
2
(h− z) tan γ (7.42)
and the location of the resultant at base, z = 0, as:
yTLo = y¯ − h
2
tan γ (7.43)
where yTLo is analogous to ∆y from §7.4.2.
This equation can be rearranged to give the angle of tilt of the wall as a function of the
location of the resultant force at the base of the wall, yTLo:
tan γ =
2
h
(y¯ − yTLo) (7.44)
which is equivalent to Equation 7.41.
When the thrust line first reaches the edge of the kern and the first tensile stresses appear
in the structure, yTLo = − r
2
x
Ro−y¯ + y¯. The angle of tilt and corresponding horizontal acceleration
are:
γkern =
{
arctan
(
t
3h
)
α = 0◦
arctan
(
2
h
(
r2x
Ro−y¯
))
0◦ < α ≤ 90◦ (7.45)
Γkern =
{
t
3h
α = 0◦
2
h
(
r2x
Ro−y¯
)
0◦ < α ≤ 90◦ (7.46)
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When the thrust line reaches the edge of the effective depth of the wall and monolithic over-
turning is expected, yTLo = Ri cosα. The angle of tilt and corresponding horizontal acceleration
are:
γov =
{
arctan
(
t
h
)
α = 0◦
arctan
(
2
h
(y¯ −Ri cosα)
)
0◦ < α ≤ 90◦ (7.47)
Γov =
{
t
h
α = 0◦
2
h
(y¯ −Ri cosα) 0◦ < α ≤ 90◦ (7.48)
Finally, the critical angle to cause sliding and the corresponding horizontal acceleration are
directly related to the coefficient of friction of the material, µ:
γsl = arctan (µ) (7.49)
Γsl = µ (7.50)
Figure 7.7 shows both the angle of tilt and corresponding horizontal acceleration for the three
modes plotted against varying degrees of curvature for a wall with h
L
= 0.8 and h
t
= 13. The
figure shows that as the angle of tilt for a wall increases from zero, first the wall will reach the
point where the resultant force lies at the edge of the kern and the first tensile stresses appear
in the structure (Figure 7.7, dashed line). As the wall continues to tilt the amount of tensile
stress in the wall will continue to increase. Finally, the resultant force will reach the edge of the
wall and monolithic overturning is expected (7.7, solid line). The final curve on the graph is
the thick horizontal line corresponding to the coefficient of friction. For any angle of tilt above
this line, it is expected that a sliding failure would govern the collapse of the wall. While it
is unlikely that the wall will fail at Γ′kern, it is equally unlikely that the wall would be able to
withstand Γ′ov, as it is obviously not monolithic. Thus, the two solutions Γkern and Γov bound
the problem, and failure of an actual wall will be expected somewhere within. Figure 7.7 shows
both the angle of tilt and corresponding horizontal acceleration for a specific wall. A similar
graph can be created from the expressions above for any combination of h
L
and h
t
with the same
qualitative features.
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Figure 7.7 – Summary of the following three failure modes: first tension, Γkern, monolithic overturning,
Γov, and sliding, Γsl, plotted for curving walls of varying angle of embrace due to tilting.
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7.4.4 Definition of the Tensile Region
According to elastic theory, when the resultant force at any section of the wall falls outside the
kern of the section, a region of tensile stress will develop. Thus once the wall has surpassed an
angle of tilt γ = γkern, a tensile region will begin to form at the base of the wall due to the
thrust line passing outside the kern. For any values of yTL such that:
yTL ≤ y¯ − r
2
x
Ro − y¯ (7.51)
the region described by the following surface will be in tension:
ytension(z) = y¯ +
2r2x
(h− z) tan γ ∀
{
z|0 ≤ z ≤ h− 2r
2
x
(Ro − y¯) tan γ
}
(7.52)
Figure 7.8 shows a plot of the tensile region for an arbitrary value of γ such that γkern ≤ γ ≤ γov.
(a) (b) (c)
Figure 7.8 – Plot of the tensile region for an arbitrary value of γ such that γkern ≤ γ ≤ γov
7.5 Experimental Program
The static analysis of masonry structures is usually a problem of stability, which is based purely
on geometry, and as such, results are independent of scale. This fact means that appropriate
structural models can be created at any scale out of any material, provided the models have
sufficient material properties to ensure that sliding and crushing are not possible. As discussed
in §3.4, scale models are particularly important for understanding complex structures where
theoretical analyses are difficult and computational methods remain uncertain. In this chapter
scale models are again used to conduct structural analyses of curving masonry walls. Two
different scales of physical models are analyzed. In addition to the specific behavior regarding
curving walls, these models provide insight into the effect of scale on physical results and the
validity of using scale-models for analysis purposes.
This section is focused on an experimental investigation of curving walls under lateral accel-
eration, which can be simulated with a tilt analysis. Three different walls with varying degrees
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of curvature are tested. The following sections provide detailed model parameters as well as
information regarding the video data collection for the two different scale models. Each test
was filmed permitting careful observation of the collapse mechanism (§3.4.3). These experi-
ments will be used to evaluate the equilibrium analysis presented in §7.4 and to obtain a better
understanding of the three-dimensional collapse mechanisms of curving walls.
In order to apply a constant horizontal lateral acceleration to the walls, it was necessary to
create a tilting table. Figure 7.9 shows a schematic of the tilting table. The table consists of a
stiff platform attached to a hinge along one edge of the platform and attached to a motor along
the opposite edge. For all experiments the motor operates at an extremely low speed so that
the table tilts slowly to minimize dynamic effects. A digital protractor is attached to the table
to monitor the angle of tilt.
γ
structure
motor
digital
 protractor
Figure 7.9 – Schematic of the tilting table used for the tilt analysis.
7.5.1 Model Details and Data Collection
Model Specifications
Three model curving walls were created using individual bricks. Two different scales of bricks
were used: a standard structural brick and a one-tenth scale brick. For each brick size, walls
with the same height,h, span, L, and thickness, t, were constructed with varying degrees of
curvature, α. Walls with an angle of embrace of one hundred and twenty degrees (α = 60◦) and
sixty degrees (α = 30◦) were constructed along with a straight wall (α = 0◦).
Full Scale Model Walls with a span of L = 2m and a thickness of t = 0.12m were
constructed using a standard structural brick. The brick dimensions are 0.25m×0.12m×0.06m.
All of the walls consisted of 26 layers of bricks each with a height of 0.06m resulting in an overall
wall height of 1.56m, which leads to a height to length ratio, h
L
= 0.78. Figure 7.10 shows
the standard building unit along with the wall geometry for the varying degrees of curvature
considered. For each wall geometry the number of bricks required to construct the wall is also
included.
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Figure 7.10 – Geometric parameters for a curving masonry wall, L = 2m
The bricks were tested repeatedly to determine their coefficient of friction and were found
to have an average value of 0.7, which is typical for stone according to Rankine [1858]. Further
details of the friction tests can be found in Appendix B.
Small Scale Model Walls with a span of L = 0.24m and a thickness of t = 0.015m were
constructed using a smaller brick resulting in walls that are approximately one eighth scale.
The brick dimensions are 0.03m× 0.015m× 0.0055m. All of the walls consisted of 34 layers of
bricks each with a height of 0.0055m resulting in an overall wall height of 0.187m, which leads
to a height to length ratio, h
L
= 0.78. Figure 7.11 shows the standard building unit along with
the wall geometry for the varying degrees of curvature considered. For each wall geometry the
number of bricks required to construct the wall is also included.
The bricks were tested repeatedly to determine their coefficient of friction and were found
to have an average value of 0.7, which is typical for stone according to Rankine [1858]. Further
details of the friction tests can be found in Appendix B.
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Figure 7.11 – Geometric parameters for a curving masonry wall, L = 0.24m
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Video Data Collection
Full Scale Model Each of the experiments is filmed using two Sony HD video cameras
and the angle of tilt was monitored using a digital protractor. The captured video footage allows
for post processing of the results to pin point the exact onset of collapse. The experiments were
filmed at a frame rate of 60 frames per second. Failure is defined by the first visible opening
between bricks.
Small Scale Model Each of the experiments is filmed using a Photron high-speed video
cameras and the angle of tilt was monitored using a digital protractor. High-speed video mon-
itoring of collapse is extremely useful considering the nature of collapse of masonry structures,
quick and with few indicators of onset. The experiments were filmed at a frame rate of 500
frames per second. The captured video footage allows for post processing of the results to pin
point the exact onset of collapse. Failure is defined by the first visible opening between bricks.
7.5.2 Results
The results from both sets of curving wall tilt analyses are presented below.
Large Scale Results
All three wall geometries, α = 0◦, 30◦, 60◦, were tilted to collapse three times. All of the
experiments were filmed using a Sony HD video camera and the angle of tilt was monitored with
a digital protractor. Failure was defined as visible openings between bricks forming, followed
by overturning about the edge of the wall. The moment of collapse was determined using
video footage and then the corresponding critical angle of tilt was collected. The results are
summarized in table 7.1 and the full data can be seen in Figure 7.13. Figure 7.12 shows before
and after images of one of the wall tests.
Table 7.1 – Summary of Experimental Results for the Large Wall Tilt Analysis
Geometric Parameters Critical Tilt Angle Critical Acceleration
α L h
L
h
t
γcrit Γcrit
[◦] [m] [◦] [g]
Wall 00 0 2.0 0.78 13 3.0± 0.5 0.052
Wall 30 30 1.97 0.79 13 9.1± 0.2 0.16
Wall 60 60 1.97 0.79 13 17.6± 0.2 0.32
The critical angle of tilt to cause collapse achieved by Wall 00 ranged from 2.9◦ to 3.5◦. The
average critical angle of tilt to cause collapse was 3.0◦ with a standard deviation of 0.5◦. The
critical angle of tilt to cause collapse achieved by Wall 30 ranged from 8.9◦ to 9.2◦. The average
critical angle of tilt to cause collapse was 9.1◦ with a standard deviation of 0.2◦. The critical
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angle of tilt to cause collapse achieved by Wall 60 ranged from 17.4◦ to 17.8◦. The average
critical angle of tilt to cause collapse was 17.6◦ with a standard deviation of 0.2◦. The results
for all three walls are evenly distributed about the mean and very repeatable.
Figure 7.13 shows the experimental results for each individual tilt analysis conducted. In
addition to the angle of tilt at collapse, an image depicting the observed separation between
bricks is shown for each test. Collapse occurred in Wall 00 by overturning, with the separation
between bricks happening mainly between the ground plane and the first course of bricks. Col-
lapse occurred in Wall 30 and Wall 60 with a triangular wedge at the base of the wall separating,
creating an ineffective region. The wall then overturns about its outer corners.
Figure 7.12 – Large scale experimental result: Wall 60-02
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α = 0◦
α = 30◦
α = 60◦
Test 00-01
γ = 2.5◦
Γ = 0.04g
Test 00-02
γ = 3.1◦
Γ = 0.05g
Test 00-03
γ = 3.4◦
Γ = 0.06g
Test 30-02
γ = 8.9◦
Γ = 0.16g
Test 30-03
γ = 9.2◦
Γ = 0.16g
Test 30-04
γ = 9.1◦
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Test 60-01
γ = 17.5◦
Γ = 0.32g
Test 60-02
γ = 17.4◦
Γ = 0.31g
Test 60-03
γ = 17.8◦
Γ = 0.32g
Figure 7.13 – Large scale experimental results: wall opening patterns
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Small Scale Results
All three wall geometries, α = 0◦, 30◦, 60◦, were tilted to collapse three times. All of the
experiments were filmed using a Photron high-speed video camera and the angle of tilt was
monitored with a digital protractor. Failure was defined as visible openings between bricks
forming, followed by overturning about the edge of the wall. The moment of collapse was
determined using video footage and then the corresponding critical angle of tilt was collected.
The results are summarized in table 7.2 and the full data can be seen in Figure 7.15. Figure
7.14 shows before and after images of one of the wall tests.
Table 7.2 – Summary of Experimental Results for the Small Wall Tilt Analysis
Geometric Parameters Critical Tilt Angle Critical Acceleration
α L h
L
h
t
γcrit Γcrit
[◦] [m] [◦] [g]
Small Wall 00 0 0.24 0.77 12.3 – 0
Small Wall 30 30 0.23 0.79 13 6.0± 0.3 0.10
Small Wall 60 60 0.23 0.79 13 12.6± 1.7 0.22
A straight wall with no curvature was not able to be built to appropriate dimensions using
the small scale bricks. This is largely due to the greater imperfections in these bricks relative
to their overall dimensions. The critical angle of tilt to cause collapse achieved by Small Wall
30 ranged from 5.8◦ to 6.3◦. The average critical angle of tilt to cause collapse was 6.0◦ with a
standard deviation of 0.3◦. The critical angle of tilt to cause collapse achieved by Small Wall 60
ranged from 11.4◦ to 14.6◦. The average critical angle of tilt to cause collapse was 12.6◦ with
a standard deviation of 1.7◦. The results for both walls are evenly distributed about the mean
and very repeatable.
Figure 7.15 shows the experimental results for each individual tilt analysis conducted. In
addition to the angle of tilt at collapse, an image depicting the observed separation between
bricks is shown for each test. Collapse occurred in Small Wall 30 and Small Wall 60 with a
triangular opening occurring at approximately mid-height of the wall.
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Figure 7.14 – Small scale experimental result: Small Wall 60-03
α = 0◦
α = 30◦
α = 60◦
Test 30-01
γ = 6.3◦
Γ = 0.11g
Test 30-02
γ = 5.8◦
Γ = 0.10g
Test 30-03
γ = 5.8◦
Γ = 0.10g
Test 60-01
γ = 11.4◦
Γ = 0.20g
Test 60-02
γ = 11.8◦
Γ = 0.21g
Test 60-03
γ = 14.6◦
Γ = 0.26g
Figure 7.15 – Small experimental results: wall opening patterns
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7.5.3 Comparison with Analytical Models
The experimental data is shown in Figure 7.16 along with the envelope of solutions predicted
using the analytical approach presented in §7.4.1. There are two key findings to note here. First,
both sets of data fall within the predicted envelope of expected results. Second, for a given set
of experiments (full-scale or small-scale) the stability of the wall increases with an increase in
curvature. The following section will explore how this increased stability might be exploited in
design.
The difference in the two sets of experimental results is likely due to the fact that imper-
fections in the small-scale bricks were the same order of magnitude as those for the full-scale
bricks, even though the bricks are an order of magnitude smaller. This results in highly mag-
nified imperfections for the small-scale walls that led to less stable walls. Even in spite of this,
the results still fell within the expected envelope. Based on the two sets of experiments it is safe
to assume that the using Γkern as an estimate for the lateral stability of a curving wall is a safe
estimate. Additionally, these results show that using small-scale models for structural testing
also provides a measure of safety when analyzing full scale models. The small imperfections
that exist in scale-models will always result in models that are less stable than their full-scale
counterparts.
7.6 Benefits of Curvature in Design
In order to quantify more specifically the benefits that increased curvature provides to the lateral
stabilty of walls, the following two results are presented for a wall of fixed length, height, and
thickness (L=2m, h/L=.78, h/t=13). First, a plot of the normalized stability of curving walls
is presented. In Figure 7.17a we can see that for the given geometry increased curvature can
provide up to an eleven-fold increase in stability for walls with the same height and thickness,
spanning the same distance. This increase in structural efficiency with curvature is seen for all
wall geometries with α ' 10◦. However, to provide an even more fair estimate of efficiency the
volume of material used should also be included. As the wall increases in curvature, it becomes
longer and thus uses more material. Thus we could consider defining a dimensionless efficiency
factor that takes into account the amount of stability of a wall for a given volume of material.
This factor is defined as:
efficiency factor =
Γkern
Γkern(α=0)
V
V (α=0)
=
6L
A
(
r2x
Ro − y¯
)
(7.53)
Figure 7.17b shows this material efficiency factor plotted against increasing curvature. Here we
see that the increase in volume of material does not outweigh the increase in stability. This
means that for the wall shown here, an increase in curvature can provide up to an almost
seven-fold increase in structural stability for a given volume of material.
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Figure 7.17 – Increased Efficiency for a Curving Wall (L=2m, h/L=.78, h/t=13).
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7.7 Summary
This chapter introduced the overall methodology that is used to analyze curving masonry walls.
Additionally, the concept of the kern was introduced. The derivation of the kern of a section
of curving masonry wall is a novel result. Most importantly, the first experimental studies of
curving masonry walls were carried out in this chapter. Finally, this chapter has quantified the
effects of increased curvature on curving masonry walls of varying geometries. This is particularly
important because it is the first time that curving masonry walls have been studied analytically
or experimentally. From this study the following points are significant:
• A quantitative measure of increased stability due to curvature is presented.
• Physical, scale-model experiments on curving walls with varying degrees of curvature (α =
0◦, 30◦, 60◦) subject to two constant lateral acceleration were conducted. The physical
experiments confirmed that the simplified analytical models developed correctly predicted
the bounds on the limiting loading at collapse for models of two different scales.
• The use of small-scale structural models is evaluated against large-scale tests and found
to provide safe results.
• Increased curvature is shown to provide increased material efficiency in addition to in-
creased structural efficiency.
• The concept of a kern is established as an effective way to determine safe loading conditions
for a curving wall under lateral acceleration.
• Using the kern to determine stability can be expanded to different wall geometries and
loading conditions.
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Chapter 8
Case Study: Thomas Jefferson’s
Serpentine Walls
Thomas Jefferson, the third President of the United States, was also a lawyer, an ambassador,
a philosopher, a farmer, and an architect. As the founder and architect of the University of
Virginia, Jefferson envisioned an “academical village” where learning was a lifelong and shared
process between scholars and students. His plans for the university, constructed largely between
1817 and its opening in 1825, included a number of innovative building systems Guy Wilson
[1993]; Brawne [1994]. In particular, Jefferson designed a series of serpentine walls—the first
known time such walls appeared in America. These iconic walls surrounding the gardens of the
University of Virginia are an often mentioned though rarely studied feature of such an important
landmark. This chapter describes the history of serpentine walls as well as the influences on
Jefferson’s architecture that led him to implement such a novel technology. In addition, an
analysis of Jefferson’s original detail for the serpentine form will be conducted to understand
the efficiency and the long-term performance of the walls.
8.1 History of Serpentine Walls
Serpentine walls have their origins in 17th century gardening where they were thought to provide
benefits for growing and ripening fruit. In 1608 Sir Hugh Platt, an English gardening authority
of the time, noted the benefits of growing fruit against a wall facing the sun in his compilation of
garden experiments entitled Florae Paradise [O’Neill, 1980]. In a subsequent edition of Platt’s
book, The Garden of Eden published in 1653, it was suggested that if every tree were planted in a
concave, the wall would multiply the reflections from the sun [O’Neill, 1980]. While this appears
to be the first suggestion of such walls in English literature, it is unclear exactly where these
walls originated. They seem to develop simultaneously in both England and Holland during the
middle of the seventeenth century. This is not at all surprising considering the proximity of the
countries and the history of Anglo-Dutch relations.
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Both England and the Netherlands were maritime and economic powers that dominated the
colonization of the Americas at the beginning of the seventeenth century. During the 80 Years
War that began in 1568 England supported the Dutch with both money and troops as they
fought for their independence from the Hapsburgs. However, not long after that war concluded
the two engaged in a series of wars against each other, known as the Anglo-Dutch Wars, fighting
for control over the seas and the trade routes. The Glorious Revolution of 1688 ended these
conflicts by putting a Dutchman, Prince William of Orange, on the English thrown with his
wife Mary. With such a rich history of interaction between these two countries it is not at all
surprising that they would share technologies.
It is likely that serpentine walls first originated in the Netherlands. The earliest documented
serpentine wall dates back to the mid-seventeenth century at the “Oude Hof te Bergen”, a large
estate in Holland north of Amsterdam [Hylkema Consultants BV, 2004; RCE, 2005]. Around
this time many wealthy Dutch merchants were building country homes and planting gardens. In
addition to this early example, the national service for cultural heritage in the Netherlands has
documented a number of “slangenmuren”, or snake walls, throughout the country. The majority
of these walls are located at early eighteenth century estates and castles. One of the longest and
best preserved walls is at Castle Zuylen near Utrecht (Fig. 8.1a) [Zuylen, 2011].
Figure 8.1 – (a) Serpentine wall at Castle Zuylen in Utrecht, the Netherlands [Zuylen, 2011].
(b)Serpentine wall in Lymington, UK [O’Neill, 1980].
The first documented serpentine wall does not appear in England until 1736 on a plan for
the estate West Horsley Place, in Surrey [O’Neill, 1980]. In England, as in Holland, serpentine
walls are typically found in gardens of country homes and small estates. They are particularly
prevalent in coastal counties such as Suffolk and Norfolk county which border the North Sea, and
Hampshire county on the English channel. Figure 8.1b shows a serpentine wall in Lymington,
a coastal town in the county of Hampshire. The development of serpentine walls in coastal
counties near major ports suggests that the technology was transfered to England in port cities
by Dutch merchants. At the beginning of the nineteenth century many mentions of the economy
of serpentine walls and their typical geometries begin to emerge in English gardening literature
and the technology seems to be fairly common place. This may have been influenced by the
1784 Brick Tax instituted in Great Britain [Campbell, 2006].
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8.2 Jefferson’s Architectural Influences
Thomas Jefferson had two main influences that inspired him to design and build the serpentine
walls at the University of Virginia: books and travel. Jefferson believed in the transformative
power of education and was an avid reader: he collected several thousand books over the course
of his lifetime. His inspirations were purely literary until he finally had the chance to travel to
Europe at the age of 41 [Brandt, 2006].
Jefferson was a man of varied interests and many talents. He took great pleasure in man’s
ability to shape nature and was a skilled surveyor, agronomist and architect [Dumbauld, 1976].
Even though the term was coined after his death, many regard Jefferson as the first landscape
architect [Nichols, 1978]. Jefferson had a strong preference for English landscape gardening and
his library contained some of the best landscape descriptions of the eighteenth century. His
books ranged from practical texts such as John James’s translation of Dezallier d’Argentville’s
The Theory and Practice of Gardening, 1728, to more cerebral texts such as Thomas Whately’s
Observations on Modern Gardening, 1770 [Nichols, 1978]. In addition to garden literature,
Jefferson drew aesthetic inspiration from other leading writers of the time, especially William
Hogarth. Hogarth’s “Analysis of Beauty”, 1753, praised combining the beautiful and the useful.
He based his philosophy on the serpentine curve, calling it the line of beauty [Nichols, 1978].
He illustrated this point in reference to garden design: “The eye has ... enjoyment in winding
walls, and serpentine rivers, and all sorts of objects, whose forms, as we shall see hereafter, are
composed principally of what I call the waving and serpentine lines” [Nichols, 1978]. Certainly
these books had a profound influence on Jefferson and his plans for the university. The garden
walls developed around the time that serpentine walls began to emerge in literature, however it
is not known whether Jefferson was in possession of any such titles that predate the completion
of the walls at the university.
In 1785 Thomas Jefferson was appointed ambassador to France, where he served for five
years. During that time he made a number of diplomatic travels throughout Europe which likely
exposed him to the technology of serpentine walls. In the spring of 1786 Jefferson traveled to
England to visit John Adams to negotiate a trade agreement. While there the two went on a two
week tour of some of the most notable gardens in England [Brandt, 2006]. On that trip Jefferson
carried with him a favorite book: Thomas Whately’s Observations on Modern Gardening, which
describes many of the gardens they visited [Brandt, 2006]. This tour reaffirmed his love of the
English garden landscape, however based on the gardens visited it is unlikely that Jefferson
would have encountered any serpentine walls.
Jefferson and Adams met again in 1788, this time in Amsterdam where they negotiated a
loan for America with the Dutch. Jefferson returned to France through the Netherlands and
Germany taking over a month to enjoy the countryside as he traveled [Brandt, 2006]. He took
detailed notes when he traveled, typically focused on agricultural matters. His notes on this
particular trip do not mention serpentine walls, but it is known that he spent time in the area
around Amsterdam as well as in Utrecht - both areas where serpentine walls existed at the time
[Brandt, 2006]. Based on his itinerary and the history of serpentine walls in the Netherlands it
almost certain that he would have come across this technology.
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Jefferson concluded his assignment in France in the fall of 1789. He crossed the English
Channel from France to Cowes at the Isle of Wight, where he was to meet the ship he would
take back to America. Inclement weather delayed his return by two weeks and gave him the
opportunity to tour the island [Brandt, 2006]. Before becoming its own county, the Isle of Wight
was a part of Hampshire, and was an important port city for the British Navy. Serpentine walls
are particularly prevalent in this area of England and it would have been likely that Jefferson
also encountered them here before returning home [O’Neill, 1980].
8.3 Serpentine Walls at the University of Virginia
Even before Jefferson traveled to Europe he had proposed plans for a state education system,
but his actual plans for the “academical village” did not begin to take shape until much later
in his life. The majority of the architectural plans for the University of Virginia were created
and refined between 1814 and its opening in 1825. Jefferson felt the virtues of the new republic
should be represented in its built environment [Dumbauld, 1976]. As the founder and architect
of the University, his design was rooted in tradition, but really quite innovative.
The “academical village” is centered on the main lawn, a large rectangular grassy terrace
around which the original buildings of the University are arranged. Anchored by the Rotunda at
the head of the lawn, two rows of colonnades extend along either side of the lawn, where larger
pavilions are interspersed with student rooms. The specifics of this arrangement developed over
the years as the plans for the University solidified. Figure 8.2 shows Jefferson’s study of the
lawn that took place from 1818-1819, the original drawings are held in Alderman Library at the
University of Virginia. The plan for the main lawn and inner row of colonnades was set, but
Jefferson continued to develop the outer row of colonnades and the gardens. The overall plan
was updated but cutting out an old version and inserting a new one. Initially there is a road
separating the two rows of colonnades with the gardens on the periphery (Fig. 8.2a), then the
garden were moved between the two rows of colonnades (Fig. 8.2b), finally Jefferson includes
a series of undulating brick walls to enclose the gardens and necessaries, or outhouses, for the
students (Fig. 8.2c). This last iteration is representative of how the University appears today.
Little is known about what prompted Jefferson to include the serpentine brick walls to enclose
the gardens. His design for the University was guided by aesthetics and by the academic status
he hoped the University would garner, but he was on a budget [Nichols, 1978]. Considering
Jefferson was involved in every last detail, from design to bookkeeping to construction, he would
have been intrigued by the serpentine form because of both its aesthetics and its economy.
8.4 Analysis of Jefferson’s Drawing on Serpentine Walls
Thomas Jefferson’s original detailing of the serpentine walls at the University of Virginia showing
both his sketches of the wall geometry and text estimating brick quantities is shown in Figure 8.3.
This detail highlights Jefferson’s concerns for both aesthetics and economy. The text goes into
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Figure 8.2 – Thomas Jefferson’s study for the plan of the Lawn. c.1817 reproduced in [Brawne, 1994],
originals held in Alderman Library, University of Virginia
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Figure 8.3 – Thomas Jefferson’s serpentine wall detail. c.1817 reproduced in [Guy Wilson, 1993],
originals held in Alderman Library, University of Virginia
great detail about the exact number of bricks required for both straight garden walls with piers
and serpentine walls, comparing the material efficiency of the two. The sketches show varying
serpentine geometries considered by Jefferson. The text from Figure 8.3 is printed below.
(1) an 8f course of bricks laid lengthwise take 10 2
3
(2) 24 courses to make it 6.f. high will take for 8.f 256 bricks
(3) a serpentine of 60◦ adds 1 1
2
percent, consequently not quite 4. br.
(4) a 9. inch pillar every 8.f. will add 24 bricks, or 9. percent
(5) a garden of 600f circumference or 75. pannels of 8.f. will
(6) take 75 x 260 bricks, say 20,000 bricks
(7) a back yard of 8. pannels of 8.f straight with a 9.i. pillar 3640. bricks
(8) a necessary 6.f. square, 10.f. high, 1. brick thick takes 3000. br.
(9) for an arc of 8.f take a radius of 5.f this makes the whole 55.5.∀8. ? rad. 8.f
(10) and the half 53.4.∀5.
This text will be used to determine the standard brick dimensions used for construction, as well
as the geometry of the serpentine form and its material efficiency.
8.4.1 Brick Dimensions
The exact size of a typical brick varied widely from place to place, depending on usage and
manufacturing process. A 1953 memorandum held at Alderman Library, University of Virginia,
regarding the reconstruction of the serpentine walls notes that bricks are larger than the present
standard. Jefferson based his calculations for brick estimates on the standard size brick being
used throughout the University. Working backwards through his calculations, these dimensions
can be determined.
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The length of a typical brick is found based on a 8 foot course of brick requiring 10 2
3
bricks
(Line 1): 8ft/10 2
3
bricks = 9in (Line 1). Next, the number of courses required to achieve a wall
height of 6 feet is used to find the height of a typical brick: 6ft/24 courses = 3in (Line 2). In line
8 Jefferson calculates that a necessary, or outhouse, to be constructed in the garden will require
3000 bricks. Working backwards from this number using the description of the necessary we can
determine the width of a typical brick. A 10 foot high wall will require 40 courses: 10ft/3in =
40 courses. Each course will consist of 75 bricks: 3000 bricks/40 courses = 75 bricks per course.
Each course will form a square with a side length of 6 feet which is achieved using a 4 inch wide
brick: 75 bricks per course/4 ∼ 18 bricks per side, 6ft/18 bricks = 4in. Thus, the original bricks
must have had the overall dimensions of 9 inches long, 4 inches wide, 3 inches thick.
8.4.2 Serpentine Geometry
The sketches in Jefferson’s detail suggest that he was considering different options for the geom-
etry of the serpentine walls before settling on a final geometry. It is likely that Jefferson would
have used special right triangles to help him layout the serpentine walls. These triangles have a
unique relationship between side lengths and/or angles that makes geometric calculations easier.
Based on the text two different cases will be considered: a 3:4:5 triangle and 30◦:60◦:90◦ triangle.
The different wall geometries are based on a circular arc with a chord whose length is fixed at
8 feet. A right triangle with one leg equal to half the chord length, 4 feet, the second leg equal
to the perpendicular distance from the chord to the center of curvature, and the hypotenuse
equal to the radius of curvature can be used to construct circular arcs with varying degrees of
curvature.
The first case assumes the serpentine geometry was laid out using a 3:4:5 triangle. There
are very explicit references to this geometry in lines 9-10. Jefferson says “for an arc of 8.f take
a radius of 5.f this makes the whole 55.5.∀8., and the half 53.4.∀5.”. Figure 8.4a shows the
8 foot arc with 5 foot radius formed by a 3:4:5 triangle. This geometry results in an arc with
an angle of embrace of approximately 106◦ that is four times longer than it is deep. This depth
of curvature corresponds to the small serpentine forms drawn below the straight wall in Figure
8.3, but does not appear to be the final geometry that Jefferson chose.
The second case assumes the serpentine geometry was laid out using a 30◦:60◦:90◦ triangle.
Again, this geometry is explicitly referenced in the text: “a serpentine of 60◦”(Line 3), where
60◦ is the angle of embrace of the full arc. The use of this angle-based right triangle is slightly
less straight forward than the side-based triangle discussed previously. A 30◦:60◦:90◦ triangle
has corresponding side lengths whose ratio is 1:
√
3:2. In this geometry the 30◦ angle is opposite
the 4 foot leg, formed by half the chord. The resulting triangle has side lengths of 4:4
√
3:8.
This explains the side note at the end of line 9 in Figure 8.3 where Jefferson ponders what
the corresponding triangle is for a radius of 8 feet. Conveniently, 4
√
3 = 6.93, allowing an
approximate right triangle with side lengths of 4:7:8 to be used for construction (Fig. 8.4b).
The geometry results in an arc with an angle of embrace of approximately 60◦ that is eight
times longer than it is deep. This depth of curvature corresponds to the large serpentine form in
Figure 8.3. Looking closely at Figure 8.3 the compass marks used to construct the arcs can be
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seen at a distance of seven units from the chord. Based on the prominence of the final sketch,
as well as the corresponding reference in the main text, this appears to be the final geometry
that Jefferson chose for the serpentine walls.
Figure 8.4 – Special right triangles used for arc construction: (a) 3:4:5, (b) 4:4
√
3:8.
8.4.3 Material Efficiency
As mentioned above, Jefferson’s motivations in choosing the serpentine form for the garden walls
were not purely aesthetic. He recognized the efficiency of the serpentine form. Lines 3-4 detail
the calculations comparing the efficiency of the serpentine form to that of a straight wall with
piers. Both wall types are compared to an initial 8 foot panel of wall composed of 256 bricks: 10 2
3
bricks per course · 24 courses = 256 bricks (Lines 1-2). A simple wall panel requires additional
stabilization to resist lateral loads. The traditional method for stabilizing walls is to add piers.
Jefferson calculates that “a 9. inch pillar every 8.f. will add 24 bricks, or 9. percent”. To create
a 9 inch pier requires an additional brick every 8 feet for 24 courses, using 9% more material:
24/256=9%.
Jefferson recognized that using a serpentine form could save material. He calculated that “a
serpentine of 60◦ adds 1 1
2
percent”. While it’s true that a serpentine of 60◦ uses less material
than adding a 9 inch pier, it is unclear how he arrives at the estimate of 1 1
2
%. The additional
material required to construct a serpentine wall can be found using the same geometry as before,
where the serpentine is constructed with a circular arc whose chord length is 8 feet. The length
of a circular arc is equal to the angle of embrace of the arc, 2α, times the radius of the arc: 2Rα.
Using trigonometry the chord length can be represented in terms of the radius of the arc and
the angle of embrace of the arc: 2R sinα. Then the additional material required can be found
by comparing the additional length from the arc to the chord length:
2Rα− 2R sinα
2R sinα
=
α
sinα
− 1 (8.1)
For a serpentine of 60◦, α = 30◦, using 4.7% more material or an additional 12 bricks every 8
feet.
Overall the serpentine form uses 96% of the material that a straight wall with piers uses.
However, this number does not take into account structural efficiency. A rough approximation
for wall stability is the aspect ratio of the wall, where the effective thickness of the wall divided by
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the height of the wall is the amount of constant horizontal acceleration the wall could withstand.
For the case of the straight wall with piers, the effective thickness is that of the pier, 9 inches,
resulting in an aspect ratio of 9/72 or 0.125. For the case of the serpentine wall, the effective
thickness is twice the depth of the arc plus one width of brick, 30 inches, resulting in an aspect
ratio of 30/72 or 0.42. A higher number can withstand a larger horizontal acceleration and is
more stable. Therefore, a serpentine wall is 3.3 times more stable than a straight wall with
piers. Proving that while there are negligible material savings strictly in terms of geometry, the
true efficiency of the serpentine form comes from the stability per unit of material, making the
serpentine wall 3.5 times more efficient.
8.5 Conclusion
This chapter has traced the origins of serpentine walls back to their Dutch roots, and in doing
so has provided insight into what may have inspired Thomas Jefferson as he set out to design
the garden walls at the University of Virginia. He drew from his travels in Europe as well as
his extensive library of garden literature, to design an attractive, efficient and innovative wall.
Analyzing his own sketches of the serpentine walls, combined with new information regarding
their history provides a new understanding of a major work of American construction.
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Chapter 9
Conclusions
9.1 Summary of Main Findings
The primary objective of this research, as stated in §1.3, is (1) to increase the understanding of
masonry domes and curving walls by defining stability conditions and collapse mechanisms for
these structures, and (2) to perform the first physical experiments on masonry domes and curving
walls subjected to destabilizing displacements and accelerations. In working to accomplish these
goals, a number of new and important results were obtained. The main findings are as follows:
Masonry Domes:
• Careful consideration of equilibrium, kinematics and material behavior led to powerful an-
alytical models for predicting the collapse limits of masonry domes subject to two different
loading conditions, (1) the dome on spreading supports and (2) the dome under lateral
acceleration. The programs MinThrust, DomeSpread, and DomeTilt provide numerical
evaluation of stability under the prescribed loading conditions, along with a graphical
evaluation of stability. The graphical results are particularly useful for visualizing collapse
mechanisms of masonry domes. The ability to visualize collapse mechanisms provides an
essential link between analytical models and physical experiments.
• Physical, scale-model experiments on two masonry domes ( t
R
= 0.10, 0.20) subject to
two different loading conditions, (1) the dome on spreading supports and (2) the dome
under lateral acceleration were conducted. The physical experiments confirmed that the
simplified analytical models developed correctly predicted the final collapse mechanism,
as well as the limiting loading at collapse. In situations where determining the collapse
mechanism was not intuitive, experiments were used to inform the analytical models.
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Curving Masonry Walls:
• Careful consideration of equilibrium, kinematics and material behavior led to the develop-
ment of analytical models, which demonstrate a quantitative measure of increased lateral
stability due to curvature.
• Physical, scale-model experiments on curving walls with varying degrees of curvature (α =
0◦, 30◦, 60◦) subject to two constant lateral acceleration were conducted. The physical
experiments confirmed that the simplified analytical models developed correctly predicted
the bounds on the limiting loading at collapse for models of two different scales.
Small-scale Models for Structural Testing:
• Physical, scale-model experiments are a cost-effective, non-invasive method for assessing
stability of masonry structures.
• Physical, scale-model experiments provide an observation of collapse modes that may not
have been detected with analytical or numerical models.
• Physical, scale-model experiments provide a benchmark against which current analytical
models and future numerical modeling techniques can be compared.
9.2 Primary Contributions
Based on the main findings above, the following primary contributions are specified:
Masonry Domes:
• The program DomeSpread was able to accurately predict both critical span increase, 2xcrit
L
,
and hinge locations, β1, β2, β3.
• The effective thickness modification provided a greatly improved correlation between anal-
ysis and experiments.
• The critical span increase to cause collapse increases with the thickness ratio of the dome.
• Both the analytical models and the physical experiments suggest that masonry domes can
support significant support displacements and that some degree of meridional cracking is
both expected and safe.
• The program DomeTilt was able to accurately predict both critical angle of tilt, γcrit, and
hinge locations, β1, β2, β3,β4, β5.
• The effective thickness modification provided a greatly improved correlation between anal-
ysis and experiments.
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• The critical angle of tilt to cause collapse increases with the thickness ratio of the dome.
• Both the analytical models and the physical experiments suggest that masonry domes
can support significant constant lateral acceleration before showing any signs of immanent
collapse.
Curving Masonry Walls:
• The extension of the concept of the kern to walls with complex cross sections provides a
safe lower bound estimate for lateral stability limits.
• Increased curvature is shown to provide increased material efficiency in addition to in-
creased structural efficiency.
Small-scale Models for Structural Testing:
• Physical, scale-models are shown to be an appropriate tool to analyze complex masonry
structures.
• The use of high-speed video to capture collapse of masonry structures provides accurate,
detailed data regarding collapse.
Historic Structures:
• The program DomeSpread was adapted and used to determine the current amount of
deformation that exists in the Roman Pantheon, as well as to demonstrate the limits of
stability.
• A study of the serpentine walls at the University of Virginia and an analysis Jefferson’s
sketches, combined with new information regarding the history of serpentine wall technol-
ogy provide a new understanding of a major work of American construction.
These contributions will lead to more informed assessment of masonry domes. In addition, they
could lead to explorations of the role of curvature in design of new structures.
9.3 Future Research
This dissertation has outlined analysis methods for the collapse of masonry domes and curving
masonry walls using analytical models and physical experiments. The approach has been limited
to highly constrained geometries, such as constant thickness hemispherical caps and cylindrical
panels, and simple static loading. There is significant research to be done in extending these
methods to more complex structures and loadings. There are two main areas for continued
research:
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• Dynamic analysis of masonry domes: Physical experiments on the dynamics of masonry
domes could be implemented. DeJong [2009] has made significant contributions in the
area of dynamic analysis of arches. A similar analysis could be applied to masonry domes.
The domes could be analyzed for a range of different dynamic impulses. There results
could be compared with the first order seismic assessment performed in this dissertation.
DeJong [2009] describes the behavior of the rocking arch under horizontal ground motion
and draws parallels to the collapse modes of a single rocking block. It is highly likely,
that the “rocking dome” has a range of collapse modes as well. A case study of the Hagia
Sophia in Istanbul, Turkey would be particularly appropriate to accompany this work.
The dome has suffered multiple collapses due to seismic events.
• Discrete element modeling: The simplified analytical models developed in this dissertation
are extremely powerful, but the more complex the structure and the loading, the more
difficult it is to develop simple stability metrics. For this reason, any more advanced
analysis of masonry domes or curving walls should be accompanied by discrete element
analysis. Again, DeJong [2009] has made significant contributions in the area of seismic
assessment of masonry using discrete element modeling. Although, his work is mainly in
two-dimensions using the commercial program UDEC, a three-dimensional version of the
software, 3DEC, is also available. There is still work to be done in evaluating and validating
this computational tool. The experiments contained in this dissertation combined with
the results of the analytical models provide excellent benchmarks for evaluating numerical
analyses.
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Appendix A
MATLAB Code
A.1 MinDomeThrust
1 function [H min,v tot,hinges] = dome min thrust (alpha,t R,theta,n,figs)
2
3 close all;
4
5 fig title = ['Limiting Thrust State for \alpha = ',int2str(alpha),...
6 '\circ, t/R = ',num2str(t R)];
7
8 % if flag == 'model'
9 % n = 15;
10 % else
11 % n = 2*alpha;
12 % end
13
14
15 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
16 % DEFINE GEOMETRY PARAMETERS
17 % embrace
18 alpha = alpha*pi/180;
19 % angle of lune
20 theta = theta*pi/180;
21 % t and R properties
22 R = 100;
23 t = R*t R;
24 ri = R−t/2;
25 ro = R+t/2;
26
27
28 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
29 % DETERMINE MIN THRUST STATE − NO SPREAD
30 % initialize min thrust
31 H min = 10ˆ10;
32
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33 % discretization
34 m max = 50;
35 k max = m max;
36
37 d phi = 2*alpha/n;
38
39 [x cg tot,¬,v tot] = segment properties(ri,ro,theta,0,alpha);
40
41 % search for a valid min thrust state
42 for k = 1:k max+1
43 for m = 1:m max+1
44
45 % define thrust line position at crown and springing
46 rise = ro−t*(k−1)/k max;
47 run = ro−t*(m−1)/m max;
48
49 % calc H for given thrust line constraints
50 H = v tot*(run*sin(alpha)−x cg tot)/(rise−run*cos(alpha));
51
52 % define x,y coordinates for thrust line
53 max count = ceil(n/2)+1;
54 xy=zeros(max count,2);
55 r=zeros(max count,1);
56
57 xy(1,:) = [0,rise];
58 r(1,:) = rise;
59
60 if mod(n,2)
61 phi2 2 = d phi/2;
62 else
63 phi2 2 = d phi;
64 end
65 [x cg,¬,vol]=segment properties(ri,ro,theta,0,phi2 2);
66
67 r(2,:) = (H*rise+vol*x cg)/(vol*sin(phi2 2)+H*cos(phi2 2));
68 xy(2,:) = r(2)*[sin(phi2 2),cos(phi2 2)];
69
70 for j = 3:max count
71 phi2 = phi2 2 + d phi*(j−2);
72 [x cg,¬,vol]=segment properties(ri,ro,theta,0,phi2);
73
74 r(j,:) = (H*rise+vol*x cg)/(vol*sin(phi2)+H*cos(phi2));
75 xy(j,:) = r(j)*[sin(phi2),cos(phi2)];
76 end
77
78 % check validity of thrust state and check if min/max, store info
79 valid min = range check(ri,ro,r);
80 if (valid min == 1) && (H < H min)
81 H min = H;
82 xy final min = xy;
83 r final min = r;
84 end
85 end
86 end
87
162
A.1. MINDOMETHRUST
88 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
89 within = 5;
90 percent = (r final min−ri)./t*100;
91 index test1 = percent > 100−within;
92 index test2 = percent < within;
93
94 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
95 % determine intrados and extrados hinges
96 [¬,min index] = min(r final min);
97 [¬,max index] = max(r final min(1:max count−1));
98
99 max index2 = find(index test1,1,'last');
100 min index2 = find(index test2(max index2:max count),1,'first');
101 min index2 = max index2+min index2−1;
102
103 if mod(n,2)
104 % hinges = d phi*180/pi*[(max index−1.5),(min index−1.5)];
105 hinges = d phi*180/pi*[(max index2−1.5),(min index2−1.5)];
106 else
107 % hinges = d phi*180/pi*[(max index−1),(min index−1)];
108 hinges = d phi*180/pi*[(max index2−1),(min index2−1)];
109 end
110
111 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
112
113 if figs ==1
114
115 dome = segment outline(ri,ro,pi/2,pi/2−alpha,0,0,0);
116
117 %plot
118 figure(1);
119 plot(dome(:,1),dome(:,2),'b','LineWidth',2.5);
120 hold on;
121 plot(xy final min(:,1),xy final min(:,2),'r.:');
122 hold on;
123
124 %plot(ri*sin(intrados min),ri*cos(intrados min),'k.',...
125 %ro*sin(extrados min),ro*cos(extrados min),'k.','markersize',20);
126
127 % hold on;
128 axis(1.1*ro*[0 1 0 1]);
129 axis square;
130
131 legend('Dome','Minimum Thrust')%,'Hinge Location');
132 title(fig title);
133 end
134
135 end
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A.2 DomeSpread
1 % Calculate minimum thrust and final collapse state for a spreading lune−arch
2 % to replicate model domes: theta=60, n=15, uncomment 'Force Hinges'
3
4 function [spread final,dip final,H Hmin,hinges] = ...
5 dome spread (alpha,t R,theta,n,dx start,figs)
6
7 close all;
8
9 fig1 title = ['Minimum Thrust State for \alpha = ',int2str(alpha),...
10 '\circ, t/R = ',num2str(t R)];
11 fig2 title = ['Collapse State for \alpha = ',int2str(alpha),...
12 '\circ, t/R = ',num2str(t R)];
13
14 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
15 % DETERMINE MIN THRUST STATE − NO SPREAD
16 [H min,v tot,hinges] = dome min thrust (alpha,t R,theta,n,figs);
17
18 intrados = hinges(2)*pi/180;
19 extrados = hinges(1)*pi/180;
20
21 % %%% *** Force Hinges ***% for use when replicating model
22 % intrados = 66*pi/180;
23 % extrados = 30*pi/180;
24 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
25
26 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
27 % DEFINE GEOMETRY PARAMETERS
28 % embrace
29 alpha = alpha*pi/180;
30 % angle of lune
31 theta = theta*pi/180;
32 % t and R properties
33 R = 100;
34 t = R*t R;
35 ri = R−t/2;
36 ro = R+t/2;
37
38 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
39 % DETERMINE VALID THRUST STATE − SPREADING
40
41 valid = 1;
42
43 % set precision of dx step
44 dx precision = 1/100;
45 i = 1;
46 i max = 0.8*R/dx precision;
47
48 while (valid == 1) && (i < i max)
49
50 valid = 0;
51
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52 dx = dx start + (i−1)*dx precision;
53
54 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
55 % DEFINE GEOMETRIC PARAMETERS
56
57 % points Bo,Co
58 Bo = ro*[sin(extrados), cos(extrados)];
59 Co = ri*[sin(intrados), cos(intrados)];
60
61 % define volumes vAB, vBC, vAC, vCD
62 % define center of gravity of BC and CD
63 % AB
64 [¬,¬,vAB] = segment properties(ri,ro,theta,0,extrados);
65 % AC
66 [¬,¬,vAC] = segment properties(ri,ro,theta,0,intrados);
67 % BC
68 [xBCo,yBCo,vBC] = segment properties(ri,ro,theta,extrados,intrados);
69 % CD
70 [xCDo,¬,vCD] = segment properties(ri,ro,theta,intrados,alpha);
71 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
72
73 % define points B, C, D {where B(2) and D(1) are unknown}
74 B = [Bo(1), 0];
75 C = [Co(1)+dx, Co(2)];
76 D = [0, 0];
77
78 % determine y displacement {length of BC is constant}
79 % syms dy
80 % dy = eval(solve('(Bo(1)−Co(1))ˆ2+(Bo(2)−Co(2))ˆ2=...
81 %(Bo(1)−Co(1)−dx)ˆ2+(Bo(2)−dy−Co(2))ˆ2', dy));
82 dy = Bo(2)−Co(2)−...
83 (2*dx*Bo(1)−2*dx*Co(1)+Bo(2)ˆ2+Co(2)ˆ2−dxˆ2−2*Bo(2)*Co(2))ˆ(1/2);
84
85 % define B(2) {D(1) still unknown}
86 B(2) = Bo(2)−dy;
87
88 % determine rotation of bar BC
89 rotBC = atan((Co(2)−Bo(2))/(Bo(1)−Co(1)))−atan((C(2)−B(2))/(B(1)−C(1)));
90 % determine new position of xBC,yBC
91 temp = rot ccw([xBCo−Bo(1),yBCo−Bo(2)],rotBC);
92 xBC = B(1)+temp(1);
93
94 % determine thrust from equilibrium of BC
95 H = (vAC*(C(1)−B(1))−vBC*(xBC−B(1)))/(B(2)−C(2));
96
97 % determine D(1)
98 xCD = xCDo+dx;
99 D(1) = (vCD*(xCD−C(1))+H*C(2))/v tot+C(1);
100
101 % check global equilibrium, by checking validity of D(1)
102 valid = range check(ri+dx,ro+dx,D(1));
103
104 if valid == 1
105 H increase(i) = H;
106 spread(i) = dx/ri;
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107 dip(i) = dy/ri;
108 B final = B;
109 C final = C;
110 D final = D;
111 rotBC final = rotBC;
112 Co final = Co;
113 vAB final = vAB;
114 vAC final = vAC;
115 else
116 mode = 'D is invalid';
117 end
118 i = i+1;
119 end
120
121 spread final = spread(i−2)*100;
122 dx final = spread(i−2)*ri;
123 dip final = dip(i−2)*100;
124 dy final = dip(i−2)*ri;
125 H final = H increase(i−2);
126 H Hmin = H increase(i−2)/H min;
127
128
129 n=180;
130 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
131 % thrust in BC
132 % define x,y coordinates for thrust line
133 temp = rot ccw(([0,−dy final]−B final),rotBC final);
134 O = B final+temp;
135
136 j max = round(n*(intrados−extrados)/2/alpha);
137 xy2=zeros(j max,2);
138 r=zeros(j max,1);
139 for j = 1:j max
140 phi2 = extrados+(intrados−extrados)/j max*j;
141 [x cg,y cg,vol] = segment properties(ri,ro,theta,extrados,phi2);
142 % calc rotated cg of segment Bb
143 temp = rot ccw([x cg,y cg]−Bo,rotBC final);
144 xBb = temp(1)+B final(1)−O(1);
145
146 r(j) = (H final*(B final(2)−O(2))+vol*xBb+vAB final*(B final(1)−O(1)))/...
147 ((vAB final+vol)*sin(phi2−rotBC final)+H final*cos(phi2−rotBC final));
148 xy2(j,:) = [r(j)*sin(phi2−rotBC final)+O(1),r(j)*cos(phi2−rotBC final)+O(2)];
149 end
150
151 % thrust in CD
152 j max = round(n*(alpha−intrados)/2/alpha);
153 xy3=zeros(j max,2);
154 r=zeros(j max,1);
155 for j = 1:j max
156 phi2 = intrados+(alpha−intrados)/j max*j;
157 [x cg,¬,vol] = segment properties(ri,ro,theta,intrados,phi2);
158
159 r(j) = (vol*(x cg−Co final(1))+H final*Co final(2)+(vAC final+vol)*...
160 Co final(1))/(H final*cos(phi2)+(vAC final+vol)*sin(phi2));
161 xy3(j,:) = [r(j)*sin(phi2)+dx final,r(j)*cos(phi2)];
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162 end
163 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
164
165 if figs == 1
166 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
167 % PLOT DEFORMED GEOMETRY
168 dome = segment outline(ri,ro,pi/2,pi/2−alpha,0,0,0);
169 % AB
170 AB = segment outline(ri,ro,pi/2,pi/2−extrados,0,−dy final,0);
171 % CD
172 CD = segment outline(ri,ro,pi/2−intrados,pi/2−alpha,dx final,0,0);
173 % BC
174 BC = segment outline(ri,ro,pi/2−extrados,pi/2−intrados,0,0,0);
175 temp = rot ccw([BC(:,1)−Bo(1),BC(:,2)−Bo(2)],rotBC final);
176 BC = [temp(:,1)+Bo(1),temp(:,2)+B final(2)];
177
178 %plot
179 figure(2)
180 plot(dome(:,1),dome(:,2),'k:','LineWidth',1);
181 hold on;
182 plot(AB(:,1),AB(:,2),'g',BC(:,1),BC(:,2),'g',CD(:,1),CD(:,2),'g',...
183 'LineWidth',2);
184 hold on;
185 plot([B final(1);xy2(:,1)],[B final(2);xy2(:,2)],'r:',...
186 [C final(1);xy3(:,1)],[C final(2);xy3(:,2)],'r:');
187 hold on;
188 plot(D final(1),D final(2),'k.',C final(1),C final(2),'k.',...
189 B final(1),B final(2),'k.','MarkerSize',20);
190 axis equal;
191 axis([0 1.1*(ro+dx final) 0 1.1*ro]);
192
193 legend('Undeformed State','Collapse State');
194 title(fig2 title);
195
196 text(.97*ri,2,['Span increase = ',num2str(spread(i−2)*100),'%'],...
197 'VerticalAlignment','bottom','HorizontalAlignment','right','FontSize',10)
198 text(.97*C final(1),.97*C final(2),[int2str(intrados*180/pi),'\circ'],...
199 'VerticalAlignment','top','HorizontalAlignment','right','FontSize',10)
200 text(1.03*B final(1),1.03*B final(2),[int2str(extrados*180/pi),'\circ'],...
201 'VerticalAlignment','bottom','HorizontalAlignment','left','FontSize',10)
202 text(2,2,['\it{Voissoir size: }',int2str(90/n),'\circ'],...
203 'VerticalAlignment','bottom','HorizontalAlignment','left','FontSize',10)
204
205 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
206 % PLOT THRUST vs SPAN INCREASE
207
208 figure(3)
209 plot(spread,H increase/H min);
210 xlabel('% Span Increase');
211 ylabel('Thrust Increase, H/Hmin');
212 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
213 end
214
215 end
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A.3 DomeTilt
1 % Calculate the thrust line for a tilting lune−arch whose cap shifts to ...
remain vertical
2
3 function [final GAMMA,hinge values] = ...
4 dome tilt(alpha,t R,theta,n,gamma start,figs)
5
6 close all;
7
8 fig title = ['Thrust Line for \alpha = ',int2str(alpha),...
9 ' and t/R = ',num2str(t R,3)];
10
11 %n=15;%2*alpha;
12
13 % define geometry %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
14
15 % embrace
16 alpha = alpha*pi/180;
17 % angle of lune
18 theta = theta*pi/180;
19 % t and R properties
20 R = 100;
21 t = R*t R;
22 ri = R−t/2;
23 ro = R+t/2;
24
25
26 % begin tilt %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
27 valid = 1;
28
29 % set precision of gamma step
30 gamma precision = 1/10;
31 m = floor(gamma start/gamma precision);
32 m max = 90/gamma precision;
33
34 while (valid == 1) && (m < m max)
35
36 valid = 0;
37
38 gamma = m*gamma precision*pi/180;
39
40 i=1;
41 k=1;
42 i max = 50;
43 k max = i max;
44
45 while (valid == 0) && (i ≤ i max)
46 while (valid == 0) && (k ≤ k max)
47
48 rise = ro−t*(k−1)/(k max−1);
49 run = ro−t*(i−1)/(i max−1);
50
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51 alpha gamma = round((alpha+gamma)*10ˆ5)/10ˆ5;
52
53 % find H
54 [x cg leftlune,¬,vol leftlune]=segment properties(ri,ro,theta,0,alpha gamma);
55 x cg leftlune = −x cg leftlune;
56 xyD = run*[−sin(alpha gamma),cos(alpha gamma)];
57 H = vol leftlune*(x cg leftlune−xyD(1))/(rise−xyD(2));
58
59 % define x vector and y vector %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
60 xy=zeros(n+1,2);
61 r=zeros(n+1,1);
62
63 xy(1,:) = xyD;
64 r(1,:) = run;
65
66 for j = 2:n+1
67 phi2 = −(alpha gamma)+2*alpha/n*(j−1);
68 phi2 = floor(phi2*10ˆ10)/10ˆ10;
69 [x cg,¬,vol]=segment properties(ri,ro,theta,0,phi2);
70
71 if phi2 < 0
72 r(j,:) = (H*rise−vol*x cg)/(H*cos(phi2)−vol*sin(phi2));
73 xy(j,:) = r(j)*[sin(phi2),cos(phi2)];
74 index counter = j;
75 elseif phi2 > 0
76 r(j,:) = (H*rise+vol*x cg)/(H*cos(phi2)+vol*sin(phi2));
77 xy(j,:) = r(j)*[sin(phi2),cos(phi2)];
78 elseif phi2 == 0
79 r(j,:) = rise;
80 xy(j,:) = [0,rise];
81 end
82 end
83 % check validity of thrust line for specified t/R value %%%%%%%%%%%%%%%
84 valid = range check(ri,ro,r);
85 if (valid == 1)
86 r final = r;
87 final gamma = gamma;
88 xy final = rot cw(xy,final gamma);
89 flag = 0;
90 index counter final = index counter;
91 end
92 k = k+1;
93 end
94 i = i+1;
95 end
96 m = m+1;
97 end
98
99 final GAMMA = final gamma*180/pi;
100
101 %find hinge locations %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
102 within = 5;
103 percent = (r final−ri)./t*100;
104 index test1 = percent > 100−within;
105 index test2 = percent < within;
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106 [percent,index test1,index test2]
107
108 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
109
110
111 j=index counter final;
112 index(1)=1;
113 [¬,index(2)] = min(r final(1:j));
114 [¬,index(3)] = max(r final(index(2):j));
115 index(3) = index(3)+index(2)−1;
116 [¬,index(4)] = max(r final(j+1:n+1));
117 index(4) = index(4)+j;
118 [¬,index(5)] = min(r final(index(4):n+1));
119 index(5) = index(5)+index(4)−1
120
121 hinge = [xy final(index(1),:);xy final(index(2),:);xy final(index(3),:);...
122 xy final(index(4),:);xy final(index(5),:)];
123 hinge values = (−(alpha)+2*alpha/n*(index−1))*180/pi;
124
125
126 if figs == 1
127 dome = segment outline(ri,ro,pi/2+alpha,pi/2−alpha,0,0,0);
128 ref = [ro,0;−ro,0];
129 ref2 = [0,0;1.2*ro*sin(final gamma),1.2*ro*cos(final gamma)];
130
131 plot(dome(:,1),dome(:,2),'b','LineWidth',2.5);
132 hold on;
133 plot(xy final(:,1),xy final(:,2),'r:');
134 hold on;
135 plot(hinge(:,1),hinge(:,2),'k.','MarkerSize',20);
136 hold on;
137 plot(ref2(:,1),ref2(:,2),'k−')
138 hold on;
139 plot(ref(:,1),ref(:,2),'k−')
140 for k = 1:n−1
141 vsr angle = (pi/2+alpha)−2*alpha/n*(k);
142 vsr = [ri*cos(vsr angle),ri*sin(vsr angle);
143 ro*cos(vsr angle),ro*sin(vsr angle)];
144 plot(vsr(:,1),vsr(:,2),'k−');
145 hold on;
146 end
147 axis(1.2*R*[−1 1 0 1.1]);
148 axis equal;
149 legend('Dome','Thrust Line','Hinge Location','Location','NorthWest');
150 title(fig title);
151 text(0,0,['\gamma = ',num2str(final GAMMA,3),'ˆ\o'],...
152 'VerticalAlignment','bottom','HorizontalAlignment','right','FontSize',10)
153 end
154
155 end
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A.4 Kern
1 % This program finds the kern boundary for an arch cross section
2
3 close all;
4 clear all;
5 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
6 % DEFINE GEOMETRY PARAMETERS
7
8 % embrace
9 alpha = input('alpha:');
10 alpha = alpha*pi/180;
11 % for i=2:10
12 % alpha=(i−1)*pi/18;
13 % t and R properties
14 L = 2;
15 h=1.6;
16 R=L/(2*sin(alpha));
17
18 % t R = input('t over R:');
19 % t = R*t R;
20 t=.125;
21 ri = R−t/2;
22 ro = R+t/2;
23
24 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
25 % DEFINE EXPRESSIONS
26
27 % area
28 A = alpha*(roˆ2−riˆ2);
29
30 % cg
31 ycg = 2*sin(alpha)*(roˆ3−riˆ3)/(3*alpha*(roˆ2−riˆ2));
32
33 % area moment of inertia
34 Ix = (roˆ4−riˆ4)*(alpha+.5*sin(2*alpha))/4−A*ycgˆ2;
35 Iy = (roˆ4−riˆ4)*(alpha−.5*sin(2*alpha))/4;
36
37 % radius of gyration
38 rx = sqrt(Ix/A)
39 ry = sqrt(Iy/A);
40
41 % elipse parameters
42 a = sqrt(Iyˆ2/(Aˆ2*(roˆ2−ycgˆ2)));
43 b = sqrt(Ixˆ2*roˆ2/(Aˆ2*(roˆ2−ycgˆ2)ˆ2));
44 gam = Ix*ycg/(A*(roˆ2−ycgˆ2));
45
46 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
47 % KERN
48 % conjugate points
49 points = [−tan(alpha)*ryˆ2/(ycg−ro/cos(alpha)), rxˆ2/(ycg−ro/cos(alpha));
50 cot(alpha)*ryˆ2/ycg, rxˆ2/ycg;
51 0, rxˆ2/(ycg−ri*cos(alpha));
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52 −cot(alpha)*ryˆ2/ycg, rxˆ2/ycg;
53 tan(alpha)*ryˆ2/(ycg−ro/cos(alpha)), rxˆ2/(ycg−ro/cos(alpha))];
54 % conjugate ellipse
55 n lim = acos(points(1,1)/a);
56
57 n = pi−n lim:(pi+2*n lim)/100:2*pi+n lim;
58 Xn = a*cos(n);
59 Yn = −gam+b*sin(n);
60
61
62 load('wall data')
63 % a30=7,a60=13
64 dy=dy(7,6);
65 tension=tension(7,6);
66
67 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
68 % PLOT
69 % subplot(1,2,1)
70 figure(1)
71 outline=[ri*cos(alpha),0;ro,0;ro,h;ri*cos(alpha),h;ri*cos(alpha),0];
72 hidden=[ri,0;ri,h];
73 kern1=[rxˆ2/(ycg−ri*cos(alpha)),0;rxˆ2/(ycg−ri*cos(alpha)),h];
74 kern2=[rxˆ2/(ycg−ro),0;rxˆ2/(ycg−ro),h];
75 plot(outline(:,1),outline(:,2),'r','LineWidth',2.5)
76 hold on;
77 plot(hidden(:,1),hidden(:,2),'r:','LineWidth',2.5)
78 hold on;
79 plot(kern1(:,1)+ycg,kern1(:,2),'b−',kern2(:,1)+ycg,kern2(:,2),'b')
80 hold on;
81 plot([ycg,ycg−dy],[h,0],'k')
82 hold on
83 plot(ycg+tension,0,'k.','MarkerSize',20)
84 axis equal
85
86 % subplot(1,2,2)
87 figure(2)
88 thesis fig(2)
89 % Wall in Plan
90 plan = segment outline(ri,ro,pi/2+alpha,pi/2−alpha,0,−ycg,0);
91 plot(plan(:,1),plan(:,2),'r','LineWidth',2.5);
92 hold on;
93 % Kern
94 plot(points(:,1),points(:,2),'b−o',Xn,Yn,'b');
95 hold on;
96 % Limits
97 x=[−1.2*ro*sin(alpha),1.2*ro*sin(alpha)];
98 % plot(x,[−dy,−dy],'k');
99 % hold on;
100 % plot(x,[tension,tension],'k:');
101
102 axis equal;
103 xlim([−1.2*ro*sin(alpha),1.2*ro*sin(alpha)]);
104 ylim([−.5,.7]);
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Experimental Results
B.1 Masonry Dome: Spreading Analysis
Table B.1 – Percent Span Increase to Collapse , 2xcritL .
Test Dome 1 Dome 2
[%] [%]
1 12.8 31.8
2 10.4 31.5
3 10.9 32.1
4 11.0 30.8
5 8.8 31.5
6 9.1 35.9
7 11.0 34.5
8 11.0 30.4
9 9.8 32.5
10 9.1 29.1
11 11.0 30.8
Avg 10.4 ± 1.2 31.9 ± 1.9
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B.2 Masonry Dome: Tilt Analysis
Table B.2 – Experimental Results for Critical Tilt Angle, γcrit.
Test Dome 1 Dome 2
[◦] [◦]
1 10.3 24.0
2 9.5 25.2
3 9.8 25.1
4 10.7 24.7
Avg 10.1 ± 0.5 24.8 ± 0.5
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B.3. CURVING MASONRY WALL: TILT ANALYSIS
B.3 Curving Masonry Wall: Tilt Analysis
Table B.3 – Large Wall Experimental Results for Critical Tilt Angle, γcrit.
Test Wall 00 Wall 30 Wall 60
[◦] [◦] [◦]
01 2.5 8.9 17.5
02 3.1 9.2 17.4
03 3.4 9.1 17.8
Avg 3.0 ± 0.5 9.1 ± 0.2 17.6 ± 0.2
Table B.4 – Small Wall Experimental Results for Critical Tilt Angle, γcrit.
Test Small Wall 00 Small Wall 30 Small Wall 60
[◦] [◦] [◦]
01 0 6.3 11.4
02 0 5.8 11.8
03 0 5.8 14.6
Avg 0 6.0 ± 0.3 12.6 ± 1.7
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